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Abstract 

I present a construction of connected afBne algebraic supergroups Gv associated with 
simple Lie superalgebras g of Cartan type and with g-modules V . Conversely, I prove that 
every connected afiine algebraic supergroup whose tangent Lie superalgebra is of Cartan type 
is necessarily isomorphic to one of the supergroups Gv that I introduced. In particular, the 
supergroup associated in this way with g = Win) and its standard representation is described. 
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1 Introduction 

A real milestone in classical Lie theory is the celebrated classification theorem for complex 
finite dimensional simple Lie algebras. A similar key result is the classification of all complex 
finite dimensional simple Lie superalgebras (cf. [M]); in particular, this ensures that these objects 
form two disjoint families: those of classical type, and those of Cartan type. The "classical" ones 
are strict super-analogue of simple, f.d. complex Lie algebras; the "Cartan" ones instead are a 
super-analogue of complex Lie algebras of Cartan type, which are simple but infinite dimensional. 

As in the standard Lie context, one can base upon this classification result to tackle the classifi- 
cation problem of existence, construction and uniqueness of simple Lie supergroups, or even simple 
algebraic supergroups. A super-analogue of Lie's Third Theorem solves it for Lie supergroups: but 
the question remains for construction and for the whole algebraic point of view. 

In the standard context, a constructive procedure providing all (f.d., connected) simple algebraic 
groups was provided by Chevalley, over fields; one starts with a (complex) f.d. simple Lie algebra g , 
a faithful g-module V, and eventually realizes a group of requested type as a subgroup of GL{V) . 
In particular, this yields all connected algebraic groups whose tangent Lie algebra is a (f.d.) simple 
one; this method (and result) also extends to the framework of reductive Z-group schemes. By 
analogy, one might try to adapt Chevalley's method to the f.d. simple Lie superalgebras of classical 
type, so to provide connected algebraic supergroup-schemes (over Z) which "integrate" any such 
Lie superalgebra. This is done in [5] — see also [5] and [TT]. In this paper instead I implement 
Chevalley's idea to simple Lie superalgebras of Cartan type, with full success: the main result is an 
existence result, via a constructive procedure, for connected, algebraic supergroup-schemes (over 
any ring, e.g. Z) whose tangent Lie superalgebra be simple of Cartan type. As a second result, I 
prove also a uniqueness theorem for algebraic supergroups of the above mentioned type. 

Hereafter I shortly sketch how the present work is organized. 

The initial datum is a f.d. simple Lie superalgebra of Cartan type, say g . Basing upon a 
detailed description of the root spaces (with respect to a fixed Cartan subalgebra), I introduce the 
key notion of Chevalley basis. Then I prove two basic results: the existence of Chevalley bases, 
and a PBW-like theorem for the "Kostant Z-form" of the universal enveloping superalgebra of g . 
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Next I take a faithful g-module V, and I show that there exists a lattice M in V fixed by the 
Kostant superalgebra and also by a certain integral form gy of g . I define a functor Gy from 
the category (salg)|j. of commutative k-superalgebras to the category (groups) of groups as follows: 
for A £ (salg)^ , I let G'y(A) be the subgroup of GL(A (^z,M) generated by "homogeneous one- 
parameter subgroups" associated with the root vectors and with the toral elements in a Chevalley 
basis. Then I pick the sheafification Gv (in the sense of category theory) of the functor Gv ■ 

Using commutation relations among generators, I find a factorization of Gy into direct product 
of representable (algebraic) superschemes: thus Gy itself is representable, hence it is an "affine 
(algebraic) supergroup" . Some extra work shows how Gy depends on V, that it is independent of 
the choice of M and that its tangent Lie superalgebra is qv ■ So the construction of Gy yields an 
existence theorem of a supergroup having gy as tangent Lie superalgebra. Right after, I prove the 
converse, i.e. a uniqueness theorem showing that any such supergroup is isomorphic to some Gy . 

Finally, I illustrate the example of Gy for g of type W{n) and V its defining representation — 
i.e. the Grassmann algebra in n odd indeterminates, W{n) being the algebra of its superderivations. 
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2 Preliminaries 

We introduce hereafter some preliminaries of supergeometry (main references are [4], [15], |18j). 

2.1 Superalgebras, superspaces, supergroups 

Let k be a unital, commutative ring. We call h-superalgehra any associative, unital k-algebra 
A which is Z2-graded, where Z2 is the two-element group Z2 := {5, 1} : thus A = Aq® Ai and 
Aa Aj^ C A-j^j^ . The k-submodule Aq and its elements are called even, Ai and its elements odd . 
By p{x) (e Z2) we denote the parity of any homogeneous element x g ^p(j;) . All k-superalgebras 
form a category, whose morphisms are those in the category of algebras preserving the unit and the 
Z2-grading. For any n e N we call A^ the Aq -span in A of all products di - ■ ■ i9„ with -di e Ai 

for all i , and A^'^ the unital subalgebra of A generated by A^ . A superalgebra A is commutative 
ifi" xy — {—l)P^^^P^'^'>yx for all homogeneous x, y & A and = for all odd z £ Aj . We denote 
by (salg)^ the category of commutative k-superalgebras, dropping the subscript k if unnecessary. 

Definition 2.1. A supcrspace S — {\S\ , Os) is a topological space \S\ with a sheaf of commutative 
superalgebras Os such that the stalk Os,x is a local superalgebra for all a; € l^l . A morphism 
(p : S — > T of superspaces consists of a pair (f> = (|(/)|, </>*) , where : \S\ — > \T\ is a morphism 
of topological spaces and (f>* : Ot — > 4'*Os is a sheaf morphism such that (/)* (mi^K^;)) C m^^ 
where mi^K^,) and m^; are the maximal ideals in the stalks Ot,\cI>\{x) a-nd Os,x, and (j)* is the 
morphism induced by (/)* on the stalk. Here as usual (1)^,0 s is the direct image (on |T|) of Os{V) . 

Given a superspace S — ,©5) , let Og^^ and Ogj be the sheaves on \S\ defined as follows: 
Osfi{U) := Os{U\ , Os,i(C/) := Os{U)i for each open subset U in \S\ . Then Osfl is a sheaf of 
ordinary commutative algebras, while Os^i is a sheaf of Ogg -modules. 

Definition 2.2. A superschemc is a superspace S :— {\S\,Os) such that (15*1,05 0) is an 
ordinary scheme and Ogj is a quasi-coherent sheaf of O5 g ~niodules. A morphism of super- 
schemes is one of the underlying superspaces. The (super) dimension of S is by definition the pair 
dim{\S\) I rk{Og i) where rkiOg i) is the rank of the quasi-coherent sheaf of Og 5 -modules ©5 j . 

Definition 2.3. Let A £ (salg)^ and let Oa^ be the structural sheaf of the ordinary scheme 
Spec {Aq) = (Spec (Aq) , Oaq) , where Spec (Aq) denotes the prime spectrum of Aq . Now A is an 
Ag-module, so we have a sheaf Oa of O^g-modules over Spec (Aq) with stalk Ap , the p-localization 
of the -module A, at any p £ Spec{AQ) . We set Spec {A) :— (Spec(AQ) ,Oa) ■ by definition. 
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this is a superscheme. We call affine any superscheme which is isomorphic to Spec {A) for some 
A e (salg)^ ; any afSne supercheme is algebraic if its representing superalgebra is finitely generated. 

Clearly any superscheme is locally isomorphic to an afhne superscheme. 

Example 2.4. We call affine superspace the superscheme A^'' := Spec (lk[a;i, . . . , Xp](XikkKi ■ • • Cg]) 
{p,q e N ), also denoted V^'' : here k[^i . . . f,] is the exterior algebra generated by q anticommuting 
indeterminates, and k[a;i, . . . , Xp] the polynomial algebra in p commuting indeterminatcs. (} 

Definition 2.5. Let X be a superscheme. Its functor of points is the functor hx '■ (salg),^ — > 
(sets) defined on objects by hx{A) := Hom(^ Spec (A) , X) and on arrows by hx{f){(t>) ■= 
4> o Spec(f) . When hx is actually a functor from (salg),^ to (groups), the category of groups, we 
say that X is a supergroup-scheme. If X is affine, this is equivalent to the fact that 0{X) — the 
superalgebra of global sections of the structure sheaf on X — is a (commutative) Hopf superalgebra. 
More in general, we shall call supergroup functor any functor G : (salg)^ — > (groups) . 

Any representable supergroup functor is the same as an afhne supergroup: indeed, the former 
corresponds to the functor of points of the latter. See [3], Ch. 3-5, for more details. 

In the present work we consider only affine supergroups, described via their functor of points: 
we introduce them as supergroup functors, and then show that they are representable and algebraic. 

Examples 2.6. 

(a) Let F be a free k-supermodule. For any commutative k-superalgebra A we define 
V{A) := (A F)q = (8)ik Vg © Vi . When V is finite dimensional, this is a representable 
functor (from (salg)^ to k-super- vector spaces). Hence V can be seen as an afhne superscheme. 

(b) GL{V) as an affine algebraic supergroup. Let 1^ be a free k-supermodule of finite (su- 
per-)rank p|(jf . For any superalgebra A, let GL{V){A) :— GL(V{A)^ be the set of isomorphisms 
V{A) — !• V{A) preserving the Z2-grading. If we fix a homogeneous basis for V, we see that 
V = k^'l'^ ; in other words, Vq = k^ and — k^ . In this case, we also denote GL{V) with GLp|q . 
Now, GLp|g(j4) is the group of invertible matrices of size {p + q) with diagonal block entries in 
Aq and off-diagonal block entries in Ai . It is known that the functor GL(y) is representable, so 
GL{V) is indeed an afhne supergroup, and also algebraic; see (e.g.), [IH], Ch. 3, for further details. 

Note that every element GL{V{A)^ extends to a (degree-preserving, A-linear) automorphism 
of Va '■— A(E)^V; viceversa, any automorphism of Va restricts to an element of GL{V{A)^ . So 
GL{V{A)) identifies with GL(Va) , the group of (A-linear) automorphisms of Va • We call GL{V,) 
the obvious functor from (salg),^ to (groups) given on objects by A H> GL{V,){A) := GL(Va) • <) 

2.2 Lie superalgebras 

The notion of Lie superalgebra over a field is well known, at least for characteristic neither 2 nor 
3. To take into account all cases, we consider the following modified formulation: it is a "correct" 
notion of Lie superalgebras given by the standard notion enriched with an additional "2-mapping" , 
a close analogue to the p-mapping in a p-restricted Lie algebra over a field of characteristic p > . 

Definition 2.7. (cf. fJ^, f^) Let A e (salg)^ . We call Lie A-superalgebra any A-supermodule 
= 00 ® 01 endowed with a (Lie super)bracket [ , ] : x g — > g, {x,y) i— >■ [x,y] , and a 
2-operation ( )^^^ : 0i — > 9q , z ^ z^'^\ such that (for all x, y G 0o U0i , G 0o , 2^, 2^1, 2^2 € 0i): 
(a) [ , ] is A-superbilinear (in the obvious sense) , [w^w] — , ~ ; 

(h) [x,y] + (— l)''^^''^'-^' [y, a;] = (anti-symmetry); 

(c) (-l)f [x, [y, z]] + (_l)Pto)P(-) [y, [z, x]] + (-1)P(^)P(^) [z, [x, y]] = (Jacobi identity; ; 

(d) ( )^^^ is A-quadratic, i.e. (05 z)^^^ = z*-^^ , (aju))'^^^ — for ag G i G ; 

(e) (zi-|-Z2)^'^ = [^1,^2] + 4'^ , [z^^\x\ = [z,[z,x]] . 

All Lie A-superalgebras form a category, whose morphisms are the A-superlinear (in the obvi- 
ous sense), graded maps preserving the bracket and the 2-operation. 
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A Lie superalgebra is said to be simple if it has no non-trivial homogenenous ideal. Simple 
Lie superalgebras of finite dimension over algebraically closed fields of characteristic zero were 
classified by V. Kac (cf. 14'), to whom we shall refer for the standard terminology and notions. 

Examples 2.8. (a) Let A = Aq © Ai be any associative k-superalgebra. There is a canonical 
structure of Lie superalgebra on A given by [x,y] := xy — {—l)^^^^^^^'^yx for all homogeneous 
x,y G .4gUy^j and 2-operation z^^"^ :— = z z (the associative square in A) for all odd z £ Ai . 

(b) Let V = V^®Vi be a free k-supermodule, and consider End[V) , the endomorphisms of 
V as an ordinary k-module. This is again a free super k-module, End{V) = End{V)Q (B End{V)i , 
where End(V)Q are the morphisms which preserve the parity, while End{V)i are the morphisms 
which reverse the parity. By the recipe in (a), End{V) is a Lie k~superalgebra with -B] := 
AB - , C<2) := C2 , for aU A,B,C & Eiid{V) homogeneous, with C odd. 

The standard example is for V of finite rank, say V := k^"'' = k'' ® k' , with Vg :— k^ and 
Vi :— k"^ : in this case we also write End(kPl'') :— End{V) or glpj^ := End{V) . Choosing a basis 
for V of homogeneous elements (writing first the even ones), we identify End{V)Q with the set of 
all diagonal block matrices, and End{V)i with the set of all off-diagonal block matrices. <) 

2.9. Lie superalgebras and Lie algebra valued functors. Let us fix k and (salg),^ as in 
section [531 and let (niod),^ and (Lie)|j be the category of k-modules and of Lie k-algebras. Any 
k-supermodule m yields a well-defined functor Mm ■ (salg),^ — !• (mod),j , given on objects by 
Mm{A) := (A <Si m)g = vIq mg ® (8 mi , for all A g (salg),^ . If in addition m = g is a Lie 
k-superalgebra, then A(E)g is a Lie A-superalgebra, its Lie bracket being defined via sign rules by 
[a<^X , a'l^X'] := ( — 1)''''"' ' aa'(g) [AT, X'] , and similarly for the 2-operation: then Cg{A) is its 
even part, so it is a Lie algebra. Thus we have a Lie algebra valued functor Cg : (salg),^ — > (Lie),^ 
(see [3], §11.2, for details). We shall call quasi-representable any functor C : (salg),^ — > (^^^)k 
for which there exists a Lie k-superalgebra g such that C — C^: indeed, any such functor is even 
representable as soon as the k-module g is free of finite rank, since is then represented by the 
commutative k-superalgebra S{q*) G (salg)^ . In particular, when 1^ is a free super k-module 
we have the Lie superalgebra g := End{V) and the functor CEnd{v) then GL{V) — cf. Example 
\2.(5]f b) — is a subfunctor of CEnd{v) — as a set-valued functor. 

This "functorial presentation" of Lie superalgebras can be adapted to representations too: if 
g is a Lie k-superalgebra and V a g-module, the representation map : g — >■ End{V) clearly 
induces a natural transformation of functors Cg — > CEnd{v) ■ 



2.3 Lie superalgebras of Cartan type 

In the following, K is an algebraically closed field of characteristic zero. 

By definition, a Lie superalgebra g over K is of Cartan type if it is finite dimensional, simple, 
with the odd part gj which is not semisimple as a module over the even part gg . Actually, Cartan 
type Lie superalgebras split into four countable families, denoted W{n) , S{n) , S{n) and H{n) 
with n>2, n>3, n>4 (with n being even) and n > 4 respectively. 

We shall now describe in short all these types. For further details, see [13], §3. 

Given n E N+ , denote by A(n) = K[^i,...,^„] the free commutative superalgebra over K 
with n odd generators , . . . , ^„ ; this is (isomorphic to) the Grassmann algebra of rank n , and is 
naturally Z-graded, with deg(^i) = 1 . A K-basis of A(n) is the set B/^i^n) '■= \ §:& {0, 1}" } , 

where f := ^i^'^'^A Cz^^'V • • • A = ■ £.f^ ■ ■ ■ ^i^"^ (hereafter we shall drop the A's). 

For later use, for every e G {0, 1}" we define |e| :— e(fc) . 

2.10. Definition of Win) . For any n G N+ with n > 2 , let Win) := Dcr^{k{ji)) denote the 
set of K- (super) derivations of A(n) . This is a Lie subsuperalgebra of EndK(A(n)) : explicitly, one 
has 

W{n) = { Y:LMQ I P,(e) G A(n) V * = 1, . . . , n } 

where each di is the unique superderivation such that di{£^j) = 5i_j . This Lie superalgebra W{n) 
is naturally Z-graded, with deg{di) = —1 , deg{£,i) = -|-1 ; in detail. 
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Win) = W{n)^ , W{n)^ = { YJLMi) ^'(i) ^ A(n),+i V z | 



(2.1) 



so Vl^(n)^ ^ {0} iff -1 < z < n-1 . Thus, ff M^(ri)f^j := W{n)^ for all [z] e Z„+i (the 

= z mod (n+1) 

group of integers modulo ) the Z-grading above yields the Z„+i-grading W{n) — W{n),. . 

The Z-grading yields a Z-filtration {W{n) • • • 3 W{n)^^_^ D M^(")>z 3 VK(n)>^^i D • • • 

of Vl^(n) as a Lie superalgebra, where W{n)~^^ :— ®k>zW{n)^ for all z e Z ; the associated graded 

Lie superalgebra then is graded-isomorphic to W{n) itself. Also, this Z-grading is consistent with 
the Z2-grading of W{n) , i.e. the Z2-grading is given by W{n) — Win)^ © W{n)j with 



W{n)-^ := W{n) 



W{n)j 



ze2i 



Win) 
2e(2Z+i) 



In particular, one also has the following three facts: 

(a) for each z G Z , the set By^/i^„) . ^ :— {£,- di \ eiE {0, 1}", i = 1, . . . , n ; |e| = z + 1 } is a 
K-basis of W{n)^ ; for each z G Z2 the set Byi/^n) ■,z'-— U BY/{n) ; z is a K-basis of W{n)- ; 

(z mod 2) — z 

the set Bw{n) ■= U Bw{n) -z is a — Z-homogeneous and Z2-homogeneous — K-basis of W{n) . 

zez 

(b) W{n)Q is a Lie subalgebra of the even part W{n)Q of W{n) , isomorphic to Qi{n) , via 
(,idj i-> Cij- (= the elementary [n x n)-matrix bearing 1 in position (j,j) and zero elsewhere); 

(c) W{n)_T^ , as a module for Win)^ = Q\-{n) , is the dual of the standard module of Q\-{n) . 



2.11. The Lie structure in W{n). Our W{n) := Der^{W{n)^ is a Lie subsuperalgebra of 
End^{A.{n)) , whose Lie bracket in the latter is the "supercommutator" (cf. Example 12.8^ 6])). 
Thus we first consider the composition product of two basis elements in W{n) . Calculations give 

e-9jO e-a, = (-l)'-'e-i-aja, +(-l)#{^l^<^ '^(^)=i>,5f,(,)^i^^e-"-^ di (2.2) 

where € {0, 1}" is given by ej{k) := Sj^k , and h.— ej is the obvious element in the set {0, 1}" . 

Therefore the defining formula dj , ^ dA = ^ djO de - (-l)'*"^^^'' 9. ) dog(i^ a.) 

(taken from Example 12. 81 /^a)) along with (2.2) yields, taking into account that di dj — ~dj di , 



(2.3) 



for all a,6 G {0,1}", j, ^ = l,...n. In particular — reordering the various factors — this 



shows that 



dj , de has coefficients in {—1,0,1} with respect to the basis B 



W{n) 



When Sb(j)^i = 1 = <^a((?).i : i-e- in the case b{j) — 1 = a{i) , formula (2.3) looks more precise: 
d, ,i^dA = (-1)"^ e'^' e^-^^ Uidi-^,d,) , V a , 6 : a{e) = 1 = b{j) (2.4) 



JVote also that (2.4) takes a special form in the foUowing three cases: 



if j ~ £ , then 

if Jt^^, fl(j)-l, then 



e d, , e- a, =0 ; (2.5) 
ed,,ede ^ {-!)'' e--'(---^Cide ; (2.6) 



- if J m^l, then [ed,,fde\ ^ {-!)''+' f'-^ ^'-^ d, . (2.7) 
Finally, for the 2-operation the defining formula (from Example [2?Hl('&y') along with (2.2) gives 

>{2> 







V a : a G 2N 



(2.8) 
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2.12. Definition of S{n) . We retain notations of Definition 12.101 above, in particular A{n) and 
W{n) := DerK(A(n)) , for neN+ , are defined as therein; in addition, we assume now n > 3 . 

Define the divergence operator div:W{n) := DerK(A(n)) — > A{n) by ciiv( ^"^^ (^) 9^) := 
Eti 9^ {Pr (i) ) for ELi (i) ^^ £W{n). Then set 

S{n) [D:^ Z'UML) ^ ^(") | M^) = } ( = Ker{div)'^ 
This is a Z-graded Lie subsuperalgebra of W{n) — with Z~grading induced from W{n) : so 
Sin) = e5(n), , Sin)^ = W{n)^f]Sin) (2.9) 

— cf. (2.1) — where S{n)^ ^ {0} if and only if — l<z<n — 2 — see below for more 
details. Like for W{n) , this Z-grading yields also a Z„-grading S{n) ~ ®S{n),i with 

'^('^)[2] ® 'S'("-)f for all [z] e Z„ (the group of integers modulo n). Again, the Z-grading 

C = z mod n 

yields a Z-filtration, which coincides with the one induced by W{n) , whose associated graded Lie 
superalgebra is graded-isomorphic to S{n) itself. Moreover, the Z-grading of S{n) is consistent 
with the Z2-grading, in the obvious sense (like for W{n) ). 

The construction and the results for W{n) — cf. Definition l2.10l — give: 

(a) a basis of the K-vector space S{n) is given by 

l<j<j'<n, e{j)=0 = e{f) 

e{f) = 1 V J < j" < r 

In the following we call "of first type" the elements of this basis of the form ^- di , and "of second 
type" those of the form ^- (^^ dj — £_j' dj') ; more in general, we call "(elements) of second type" 
also all those of the form (^j dj — £,k dk) , for any j <k with e{i) = e(fc) . 

Again, this basis is homogeneous (for both the Z-grading and the Z2-grading), i.e. i?5(„) = 
Uzez^s(n):z and Bs{n) = [Jzei,2^s(n)-- where Bs(n);z := Bs(n)nS{n)^, respectively 
Bs(n) ; z '■= Bs(n) H S{n)- , is a basis of S{n)^ , respectively of S{n)- , for every z e Z , z e Z2 . 

S{n)Q is a Lie subalgcbra of the even part S{n)Q of S{n) , isomorphic to 5l(n) , via 
(9j H> Cij- (notation of Definition 12. lOp for i ^ j , and (^^ 9^ — dg) (e/c_/c — eg^t) for k ^ l\ 

(c) S{n)_^ , as a module for S'(n)g = 5[(n) , is the dual of the standard module of s{{n) . 



Bsin) e(z) = } U | f (O d, - d. 



2.13. The Lie structure in S{n) . We need formulas for the Lie bracket of elements in -Bs(„) . 

First we look at pairs of basis elements of the first type (cf. !j2.121 so a{j) = , b{t) = ). For 
their bracket, formulas (2.2-7) give (with the right-hand side which in third case might be zero) 







if a(^)=0, 6(i) = l 

if a{t) = 1 , b{3) = 

if m = 1 , m = 1 

if a{t) = , b{i) = 



Now we consider the Lie bracket of a basis element of first type and one of second type (see 
thus e{i) =0). Then dg , f ' (C, 8, ~ 6 Qk) ] = ((-1)"^' - (-1)"^") f dg , by 

formulas (2.2-7), for some N' ,N" g N; a detailed (yet elementary) analysis of signs shows that 

Third, we look at pairs of elements both of the second type: formulas (2.2-7) eventually give 

= {m - m) i-i- (e^ dg - ^ dt) - {m ~ ait)) c-i- (o a, - & dk) 

We must stress two facts. First, (£,g dg — S,tdt) and (S,j dj — Cfe (^fc) are both cither zero 

or elements of -Bs(„) of the second type; second, {b{j) — b{k)) , {a{£) — a{t)) G { — 1 , , +1} . 
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^2^ ('2') il') 

Last, the 2-operatioii: (2.2) and (zi+ Z2) — z\ + [21,2:2] + ^2 ("^f- Definition 12 . 71^ 6)1 give 
(£-9j)^'^=0, (^^(^,9,-^^9*))^"^ = 0, V a, & : |a| e 2N, |6| e (2N+1) (2.10) 



2.14. Definition of S{n) . We retain notations of Definitions 12.101 and 12.121 above. In addition, 
we assume now tliat n is even and n > 4 . Define 

S{n) ~ {DeWin)\{l+Ci---Qdiv{D)+D{^i---Q=0} 

In order to describe S{n) , write D G W{n) as D Yl^Z-i^z witli € W(n)^ . Tlie 
defining equation of S{n) takes place in the graded superalgebra A(n) = ©"^o^('*)z ■ '^hen we 
single out the different homogeneous summands the left-hand side of this equation reads 

(1 + 6 • • ■ Q div{D) + D{^i ■ ■ ■ Q = div{Do) + ■■■ + div(A.-2) + 

+ (div(A.-i) + i?-i(ei • • • 60) + (^o(a • • • 60 + a • • • 6. diviDo)) 

(each div{Dz) is homogeneous of degree z, in particular div(L'_i) = 0). Thus the defining 
equation (l + 6 ' ' ' 60 c/iv(D) + I?(6 • • • £,n) = of S{n) is equivalent to the system 

div{D^) =0 ( e A(n)J V < z < n-2 

®:{ div(i^„_0+^-i(6---en) = (eA(n)„_i) 
^o(a • • • Cn) + 6 • • • div(i?o) =0 ( e A(n)„ ) 

The solution of the system ® is immediate: € Ker(^divj p| W{n)^_ = ^{''^■)z ' '^'-'^ 0<z<n— 2 , 
for the first n— 1 equations, while the last one has solution Dq E ifer(div) n^("-)o ~ ^i''^)o ' 
hence it is redundant. For the last but one, let us write I?„-i X]j=i'^j Ci ' ' ■ 9j and :— 
9j : then these yield solutions of that equation if and only if Cj+dj = for all j = 1, . . . , n , 
in other words if and only if D_i + Z?„_i = (6 ' ' ' — l) dj . The outcome is that 

S(n),,-~S(n)^ V 0<z<n-2 
S{n) = e S{n),, , ^ '["1 ' - - (2.11) 

Hez„ '5'(»^)[„_i] — Spanf^{{£_i ■ ■ ■ - I) dj) .^^^^ ^^ 

which is a splitting of S{n) as a Z„-graded Lie superalgebra — see below for more details. Moreover, 
the natural Z-filtration of W{n) induces a similar filtration on S{n) : the associated graded Lie 
superalgebra then is graded-isomorphic to S{n) . Finally, the Z„-grading of S{n) is consistent with 
the Z2-grading, again in the obvious sense (like for W{n) and S{n) ). 

Remark : to have a uniform notation we shall also write S{n)^ :— S{n)^^-^ for all — l<z<rt — 2 
and S{n)^ {0} for all z e Z \ {— 1, . . . , n — 2} . Then S{n) = ©^^^^(n)^ as a vector space. 

The results we found for W{n) — cf. Definition l2.10l — and S{n) — cf. Definition l2.12l — give: 

(a) a basis of the K-vector space S{n) is given by the union of the set [J"Zo ^s(n);z with 
the set {(a • • -Cn — ^) dj] ^ ; in detail, it is 



S(n 



Again, this basis is homogeneous (for both the Z„-grading and the Z2-grading), i.e. ^5(„) = 
U[z]ez„^S(„);W arid %(„) = U^ez. where Bg^^^ .y := S^^^^ n 5(n)[,] , respectively 

^s(n) ■ - ■~ ^s{n) ^ ^i''^)- ' a basis of S{n)^^^ , respectively of S{n)- , for every [z] e Z„ , z e Z2 . 

(b) S'(n)jQj is a Lie subalgebra of the even part S{n)Q of S{n) ; as it coincides with S{n)f^ , it 
is (again) isomorphic to sl{n) , see ii2.121 

(c) S{n)^_^ , as a module for 5'(n)g = s[(n) , is the dual of the standard module of sl{n) . 
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2.15. The Lie structure in S{n) . To describe the Lie (super) structure of S'(ri) we can use 
explicit formulas for the Lie bracket and the 2-operation of elements in ^5(„) • Part of this basis 
is a subset of the basis Bs[n) of S{n) in §2.121 thus for these elements we refer to formulas therein. 
We look now at the remaining cases. The first case is 



y i = j 



The second case splits in turn into several subcases. Namely, the first two subcases are 

' ±C---^ a, if e(j) = l 



for |e| > 1 with e{i) = , 
for |e| = 1 with k ^ i . 



\ if = 

(6 • • • - l) dj , Cfc ^^ = Sj^k (6 • • • - l) 9t 

The third subcase is 

f ±f (a 9,. - 6 + (-!)'-"■' (^j,/. - Sj,k) e d, if e(j) = 1 
\ (-1)1^1+1(5,., if e(j)=0 

where e{h) = = e{k) , |e| > (with k = h+1 if we want the second element to belong to -Bs(n) 
— yet the formula above holds in general for any h and k ) . The fourth, last subcase is 

(6 • • • - l) dj , (Oi dh ~ 6 dk) = {^],h - (5j,fe) (Ci • • ■ - 1) 9j 



Finally, for the 2-operation we have that (2.2) and the identity in Definition [5?7](^eJ give 



V J = 1, 



(2.12) 



2.16. Definition of H{n) . We retain again notations of Definition 12.101 above, with n > 4 . 



Let Lu := 



.j=l,...,n; 
^'^)i=l n; 



be a symmetric, non-singular square matrix of order n with entries 



in A(n) : this defines canonically a symplectic form in A(n) which we still denote by lo, namely 
w := d^i°d£.j — cf. [14, §3.3. For any such form and any D := J2^=i ^j(C) (^i S W{n) 

the form Duj is naturally defined, and we set 



Du} = 



r(w) := I Z? e W{n) 

This is a Lie subsuperalgebra of W{n) . We define a special Lie subsuperalgebra of i?(w) , namely 

H{uD := [H{ui) , Hiui)] 

All Lie superalgebras H{uj) , for different forms a; , are isomorphic with each other; the same 
holds for the various H{uf) . Thus we can fix a specific form of the matrix lo : we choose it to be 



0,. Ir 

Ir Or 



a n — 2r 



Or X r Irxr 0^ x 1 
Irxr Or X r Or x 1 
Olxr Olxr 1 



if n = 2 r + 1 



(2.13) 



(where Irxr is the identity matrix of order r , and so on), so that the corresponding form is 

r ?■ 

^ = I] {d^i° d^r+i + d^r+i° dCi) if n = 2r , J2 d-^r+i + d^r+'fi d^.) + d,^„o rf^, if n = 2r+ 1 

1 = 1 2=1 

For this specific choice of form uj_, we use hereafter the notation H{n) :— H{uj_) , H{n) :— H{uj_) . 
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The natural Z-filtration on W{n) induces a Z-filtration on H{uj) and H{uj) , for any uj_. Even 
more, on H{n) and H{n) the Z-gradmg on W{n) induces Z-gradings as weh. Then the graded Lie 
superalgebra associated with i? (w) , for any w , is isomorphic to H(n) as a graded Lie superalgebra. 
Several properties of these graded Lie superalgebras are recorded in [Hj, §3. Here we just recall 

where H{n)^ ^ {0} iff -1 < z < n-2, H{n)^ ^ {0} iff -1 < z < n-3. Moreover H{n)^ = 
H{n)^ for —1 < z < n — 3 and diin(^H[n)^ .2} = 1 : in particular, H{n) = H{n) H{n)^_^ . 
Like for W{n) and S{n) , this Z-grading yields also gradings by cyclic groups, namely H{n) = 
0^(n)[^] and H{n) = H{n)^^^ with H{n)^^^ H{n)^ for all [z] G Z„ and 

[z]GZ„ [z]eZ„_i C = ^niO'in 

-^("')[z] ® H{n)i. for all [z] G Z„_i (the integers modulo n— 1). Again, in both cases 

C,^ z mod (n— 1) 

the Z-grading yields a Z-filtration, coinciding with the one induced by W{n) , whose associated 
graded Lie superalgebra is isomorphic to H{n) and H{n) respectively. Finally (as for W, S and 5 ) 
the Z-grading is consistent with the Z2-grading both in H{n) and in H{n) , in the obvious sense. 

To describe H(n) , H{n) and their graded summands, we exploit a different realization of them. 

For any given closed differential form lo as above, consider on Vn := Span(^^i , . . . , the 
bilinear form corresponding to w, and take on the vector space A(n) the structure of Clifford 
algebra associated to Vn with such a form. Then the supercommutator on A(n) reads 

{Lg} (-lf^^^E",=i^.,.5.(/)9,(5) (2.14) 

(we use braces instead of square brackets for psychological reasons) where oj = (wij)^ ^'^' = 

Lu~^ is the inverse of the matrix uj_. If we consider on A(n) its natural associative product and the 
Lie superbracket in (2.14), it is a (supercommutative) Poisson superalgebra, which we denote by 
Pujiji) . By the analog to Poincare's lemma, there exists a Lie superalgebra epimorphism 

: P^{n) H{u) , f^Df ^^=1 ^»(/) (2-15) 
which shifts the Z-grading by —2 , i.e. <l>{PuAn)^ — H{ui)^_2 for all z (so the induced Z2-gra- 
ding is preserved) and has kernel the K-span of 1 ; so Puj_{n) ^K- lj,^(„) = Hii^) via an isomorphism 

induced by . Moreover, the restriction of (/) to { / G -P^ ("■) — A{ri) | e(/) = } , where e(/) is the 
constant term in / (thought of as a skew-polynomial in the ^i's), is a bijection: thus we have 

H{ui) = {Df I e(/) - 0} and [Df , Dg] = Dy^^} (2.16) 

The outcome is that we can describe -ff(w) via the isomorphism of it with P^{n)^K. ■ lp„(„) , for 
which we can compute the Lie superbracket using (2.14). We do it now for the canonical uj_. 

Let oj be the canonical matrix chosen as in (2.13). Then we write P{n) := PuAji) for the 
corresponding Poisson superalgebra. In this case (2.14) and (2.15) take the simpler form 

:= (-l)''^^'(E:=i(a.(/)a.+,(5)+a,+.(/)a,(g)) + <5„e(2N+i)92.+i(/)92.+i(g)) (2.17) 

/ l-> D/ := Y.l^^{ds{J)dr+s+dr+s{f)ds) + 5„e(2N+l) <92r+l(/) 52,.+ l (2.18) 

where (5ng(2N+i) 1 if 't- is odd (written as n = 2r + 1 ) and (5ng(2N+i) '-^ otherwise. 

For each z G Z the set Bp(^n) ■,z '■= { ^~ | e G {0, 1}", |e| = z } is a K-basis of P{n)^ , and 
for each z G Z2 the set Bp(^n)-z '■— U Bp(n)-z is a K-basis of P(n)- . It follows that 

{z mod 2) —~z 

Bp(n) '■— U Bp(^n);z is & K-basis (Z-homogeneous and Z2-homogeneous) of P{n) . Applying </>, 

we get bases for H{n) , H{n) and their graded summands. Focusing on H{n) , we find: 
(a) a basis of the K-vector space H{n) is given by 

BH(n) { % I e e {0, 1}", < |e| < n } 
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This basis is homogeneous (for the Z-grading and the Z2-grading), i.e. -B_f/(„) — [Jzez^H{n) -.z 
and BH(n) = UzGZa -^^^(") ;s where BH(n) ■,z-= BH(n)<^H{n)^ is a basis of and BH(n) ;z-= 

BH(n) n H{n)^ is a basis of H{n)- , for every z £ Z and J £ Z2 . 

(b) H{n)f^ is a Lie subalgebra of the even part H{n)Q of H{n) , isomorphic to so(n) , the 
latter being considered with respect to the canonical form a; ; an isomorphism is given by 

^ihik = & dr+h - £.h dr+k ^ Ck,r+h - Ch^r+k V 1 <h < k <r 

■D?h?r+fc = ^r+k dr+h -£,hdk er+k,r+h " eh,k V l<h<r,l<k<r 

D^^+hir+k = Cr+fc dh - Cr+/i c'fc i~> er+fc,h - er+/i,fc V 1 <h < k <r 

-C'Ct?2r+l = 6r+l C?r+t - 6 92r+l e2r+l,r+t - et,2r+l V l<<<r, n = 2r+l 

-Dc.+t?2r+i = S,2r+i dt - ^r+t d2r+i ^ e2r+i,r+t ^ et.2r+i V l<<<r, n = 2r+l 

(with notation as in Definition I2.10p , the last two formulas being in use only for odd ?i = 2 r + 1 . 

(c) H{n)_^ , as a module for H{n)f^= so{n) , is the dual of the standard module of so(n) . 

2.17. The Lie structure in H{n) . We describe now the Lie (super)structure of H{n) in terms 
of its basis BH(n) ■ We make use of the isomorphism P{n)^'K ■ lp(„) = H{n) along with formulas 

(2.16-17) and the fact that H{n) = H{n)®H{n)^_2 with H{n)^_^ ^ K- D^^^^...^^ . In short, we 
have to compute the brackets { ^- , ^- } in P(n) for all a , 6 S {0, 1}" such that < |a| , |6| < n . 

By (2.17) wc have 

' = (-1)'"' (^^(i") dr+s{i^)+dr+s{i^) a.(e^)) + 5„e(2N+l) d2r+l{i^) d2r+l{i^)j 

With a detailed (yet elementary) analysis, one finds only two possibilities. The first one is 

3 s : a{s)^l = b{r+s),a{r+s) = l = b{s) =^ {L' ' L'} ^ ^ (2-19) 
On the other hand, the second possibility is either 
$ s : a{s) = 1 = b{r+s) , a{r+s) = 1 = b{s) 1 ^ f a cb \ _ ^ „ ca+b-e, 



■ + S) = 1 = b{s) \ f a cb \ _ ^ ^ .aA 

-D) ^ (1,1) / ^ U-'^i-£^'=^- 



(a(2r+l) , 6(2r + ] 

for some rjk G {+1, 0, — 1} , or (only possible if n is odd, written as n = 2 ?' + 1 



(2.20) 



$S : a{s) = l = b{r + s),a{r + s) = l=b{s)\ f a ^b \ _ ^ .a+b-2e^^., 

(a(2r+l),6(2r + l)) = (1,1) j ^ ( i" ' ^ | " e - " (2.21) 
for some ri2r+i G {+1,0, —1} . For later use, we also record the following fact 

=^ {e-,i-}=0 (2.22) 



a{s) — a{r + s) , b{s) = b{r + s) Vs 
a(2r+l) = = b(2r+l)) 



also proved by straightforward inspection. Similar results, still proved by direct analysis, are 

{T' {i-'i-}} = V a,6 e {0,1}" : |a| >3 (2.23) 

= -1 , {?-,£-}=0 V ae {0,l}"\{e2,,+i} (2.24) 



All the formulas above yield also the Lie brackets among elements of -BH(n) , via the identity 
'{ii. , D^b = D^^a_ ^bj — see formula (2.16). Similarly, from these formulas and from the identity 
in Definition Yl.lV e). taking also (2.24) into account, we get for the 2-operation the formulas 

D^^'^^ = V a G {0, 1}" (2.25) 

<i> From now on, g will he a Lie superalgebra of Cartan type: W{n) , S{n) , S{n) or H{n) . <t> 
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2.18. Cartan subalgebras, roots, root spaces. Let g be a Lie superalgebra of Cartan type. 
We call Cartan subalgebras of g the Cartan subalgebras of the reductive Lie algebra go : which 
is g[(n), s[(n) or so{n) respectively if g is W{n) , S{n) or S{n) , or H{n) . We fix one of them 
(the "standard" one), namely () := Spanjf^({^kdk}i<k<n) for case W{n), t) Spanjf^{{{^k dk - 
(k+idk+i)}i<k<7i-i) for cases S{n) and S{n) , and f) := Spanj^{{{(_kdk- ^r+kdr+k)}i<k<r) for 
case H{n) , with r :— [n/2] . In all cases, the spanning set we considered in f) is actually a K-basis. 

Now consider the element £ Y17=i ^« ^ ^(^)o ■ '^'^ t) f) i So ■= So , ■= when g 
is of type W or S, and fi:=f}+K£, gQ:=go+K5, g:=g + K£ when g is of type S or H . In 
this way f € g iff g is Z~graded, with [£,X] ^ zX for X e (cf. [H], §1.2.12 and §4.1.2). 

The Cartan subalgebra () acts by adjoint action on g , and g itself is an f}-submodule. Thus we 
have a decomposition of g into weight spaces for the ()-action, namely (cf. [16 , §4) 

= ©Qsi^* Qa , Qa {w e Q\[h,w] ^ a{h) w, \f hei)} 

called root (space) decomposition of g , where Qa=o — f) • The terminology for such a context is 
standard: A :— { a E t) \{0} | g^ ^ {0}} is the root system of g , its elements are called roots, we 
have root spaces (each Qa for a ^ ), root vectors, etc. For every root a one has either Qa C gp or 
0Q C gj : accordingly, we call a even or odd; we set A- := { a € A | g^ C g- } for ^ e { , 1 } . 
We call a root a essential if —a G A , and nonessential if —a ^ A . 

Finally, the multiplicity of a root a , by definition, is the non- negative integer ii{a) dim (go.) ; 
then we call the root a respectively thin or thick if fJ.{a) = 1 or fi{a) > 1 . 

— * 

We denote by Q the Z-lattice Q := Z. A spanned by A inside () . The root space decomposition 
is a Q-grading of g (as a Lie superalgebra). This Q-grading is compatible with the Z-grading 
g — ^^^^Qz (only as vector space for g of type S : cf. the Remark in i 32.14p . in the following sense: 
one has 1} Q go and for each root a also Qa ^ 9ht{a) for a unique integer ht(a) € Z , so that 

00 - 0a f) , 0.= 0a (VzeZ\{0}) 

a : ht{a)—0 a : ht{a)—z 

The unique integer ht(a) G Z thus associated with every root a is called the height of a . As 
another consequence, we can also partition the set of roots according to the height, namely, A = 
Uzez ^ith Az:={aeA\ht{a)=z}; then Ag = U^esz and Aj = l[ze(2Z+i) ■ 

We set Aot := Ao\Ao , A^t := Ai\A_i and A := {(«, j)}i<f<^(„) ; we denote ^ : A ^ A 
the map 5 = (a, fc) A a , and A^ := tt~^{Az) for z e {O , 1 , 0"^, 1"^} U {-1,0, 1, . . . ,n} . 

We conclude introducing (or recalling) the notion of coroot adfssociated with a classical root. 

When g is of type W, S or H , the Lie algebra Qq is reductive, of the form Qq = gj'' © K£ 
where Qq'^ is its semisimple part (actually simple) and K£ is its radical (actually the centre); 
similarly t) splits as t) = i)^^ (BK£ with f)^^ := f) n Qq " : explicitly, f)^^ is the (standard) Cartan 
subalgebra of Qq" = s(„ — if g is of type W{n) or S{n) — or of go = so„ — if g is of type H{n) . 

When g is of type S{n) the situation is simpler: the Lie algebra gg = go is (semi)simple, 
isomorphic to s[„ . In order to unify notation, we write then gg* := 0o — 0o and f)^^ := f) = f) : 
explicitly, f)^^ = (} is the (standard) Cartan subalgebra of go = go = stn • 

As in any semisimple Lie algebra, the Killing form induce a K-linear isomorphism (f)^^) ' — » i)^^ , 
denoted by 7 . When g is of type S{n) we use this isomorphism to define (as usual: cf. [13]) 
the coroot Ha E i)ss ~ ^ associated with any classical root a e Ao (c (f)ss) — i) ) • 

When g is of type W, S or H instead, note that every linear functional on l)^^ uniquely 
extends to a linear functional on t) such that (j){£) = 0: this yields an embedding of {t)ss) into 
[) , so every root (in classical sense) of the simple Lie algebra go*"* identifies with an element of () . 
Conversely, let S E i) be the unique K-linear functional on () = f)^^ 0K£ such that S{£) = 1 
and (5(f)ss) = {0}: coupled with the embedding (1)^^)* ' — > i) , this yields t) — (()ss)* ® K(5. 

Now, using this last description of f) and the isomorphism (f)^^) ' — » ij^^ induced by the Killing 
form, we extend the latter to an isomorphism f) « — » [}, (^■y 1-^ t^ , £ 1-^ 5) : via this, we define 
again the coroot Ha E tj^^'^i) associated with every classical root a G Aq (c (t)ss)* ^ * ) ■ 
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We describe now in detail all these objects; we distinguish cases W, S , S and H (cf. [H]). 

Case Q — W{n) : Let q := W{n) . Then go — fl'n ; ^"^^ the Cartan subalgebra t) = f) 

as above. Let {ei, £2, ■ ■ ■ ^ £«} be the standard basis of [)* : then the root system of g is given by 

A = { Ej, H h e^fc - I 1 < ii < ^2 < ■ • • < ife < rT. , J 1, . . . , n } \ {0} 

From this description, one sees at once that every root a G A can be written as ± the sum of 
"simple roots" chosen in a "simple root system" , just like for simple Lie superalgebras of basic type. 
For instance, one can take as "simple root system" the set H := { ei — £2 , ■ • ■ , £n-i — £n , £n } , 
which is even "distinguished" (i.e., it contains only one odd root, in this case £„ ). 

If a = X]s=i ~ ^3 with j ^ {ii, . . . , ifc} , then Q^^y^^ ^ ^, has K-basis the singleton 
{Cii ■ ■ ■ Cifcf^j } , so that /i(Q;) = 1 ; if instead a — X]r=i 1 then g^^^/i has K~basis 
{ Cii ■ ■ ■ ^ih Cidi I ^ € {1, ■ . ■ ,n} \ {ii, . . . , i/j}} , so iJ.{a) — n — h . Thus the thick roots are those of 
{ Y!1=i < and the thin ones those of { I]s=i ^is-^j \ i ^ ■ • ■ . U { YJlZl } ■ 

Now for any a = £ij+- • •+£,;^— £j G A , its height is easy to read off: it is given by ht(a) = k—1 . 

If a root a is even essential, then g^ , Q-a C go , the multiplicity of both a and —a is 1 and 
Qa , Q-a together generate a Lie subalgebra isomorphic to st(2) inside go . The set of even essential 
roots is {£i — £j}^'^l^ ^. , the corresponding root spaces being Qet-ej —Span^(^{^i dj}) =Kfi dj . 

If instead a is odd essential, then either go, C , /i(a) — 1 , a) = ri — 1 , or 

0-Q Q 0-1 1 m(~Q!) = li = n — 1 . In the first case, a G {~^i}i<j<ri ^^^^ while 

—a G {£j}i<j<„ is thick, and for each j the root spaces Qa=-ej and Q-a=Ej have K-basis 
and {(.j £,£de | 1 < ^ < ri , ^ 7^ j } respectively (see above). In the second case the converse holds. 

Finally the nonessential roots a are all those such that ht{a) > 1 together with all those of 
the form a — ei-^ + Ei^ — ej (hence ht{a) = 1 ) with j ^ 11,12 ■ ^ 

Case g = S{n) : Let g := S{n) . Now go = s[„ , we fix the Cartan subalgebra f) and set 
[) := f) as above. Clearly the root system of g := S{n) is a subset of that of W{n) , namely 

A = {£iiH 'tei^-ej\l<ii<i2<---<ik<n, k<n, j = l,...,n]\{{)} 

in short, the roots of S{n) are those of W{n) whose height is less than n—1. In particular, the 
characterization of the height of a root of S{n) is exactly the same as for W{n) . 

By construction, root spaces of S{n) or W{n) enjoy the relation S{n)^ — W{n)^ p| S[n) . The 
explicit description given for case W implies that S{n)^ — W{n)^ when a is thin for W{n) , so 
that it is thin for S{n) as well (the multiplicity being 1 in both cases). Instead, if a root a is of the 
form a = j with h < n—1 (so it is thick for W{n) ), then the space S{n)^ has K-basis 

{ f fe dj - ^j+i dj+i) I 1 < j < n-1 , = = } with e Cz. ; so a in S{n) has 

multiplicity /i(a) = n — h—1 , hence a is thick for S{n) ii h < n—2 , and it is thin ii h = n — 2 . 

Finally, it is clear that roots of <S'(7i) have a certain degree (for the Z2-grading or the Z-grading), 
and they are essential or non-essential, exactly as they have or they are for W{n) . <) 

Case g — S{n) : Let g := S{n) . Like for S{n) , we have go = s[„ and we fix f) := [) with i) 
as above. By the analysis in i; ii2.141 12.151 we see that the root system of S{n) is 

A = { £ii H ]- Ei^ - £j \ l<ii<i2< - ■ ■ <ik<n , k<n , j = l, . . . ,n} \{0} 

like for S{n) , but now £1 + •••+£„ = in () = ()* . Also, for root spaces we have the following. 

For every root a of S{n) having non-negative height we have S(n)^ = S(n)^ . Instead, for the 
roots of height —1 (which are — £1 , . . . , — £« ) we have S{n)_^^ = Span^^S^i • • • — 1) dj) for 

all j — 1, . . . ,n , with {(■fi ■ • • £,n — 1) dj} being a K-basis of any such root space. 

It is worth stressing that the roots of the form —Sj are the only a G A such that 2 a G A . 
Indeed, 2 {—Sj) = (£i-|-----|-£7 + -- -+ £«) — £j G A (for all j ~ 1,. . . ,n), using the identity 
£1 + •••+£„ = (in f)*); instead, direct analysis shows that 2 a ^ A for all a ^ {~£j}j^i „. ■ 
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Finally, we can say that the roots of S{n) have a certain degree (for the Z2-grading or the 
Z„-grading), they are essential or non-essential, much like we did for W{n) and S{n) . <J> 

Case g = H{n) : Let g :— H{n) . Now go — so„ , we fix the Cartan subalgebra f) as above, 
and then [) := \)+lK.£ ^ f) . To describe the root system and the root spaces in this case, we point 

out the explicit form of the action of £ on the basis vectors of g := H{n) considered in i j2.16l Let 
D^s. be any one of these elements, with a e {0, 1}" , with < |a| < n . The formulas in i j2.11| give 

^ (|a| - 2) V a e {0, 1}" : < \a\ < n (2.26) 

As before, we write n — 2r or n = 2r + 1 , withe r :— [71/2] . Let now {ei, . . . ,£r} be the 
standard basis in the weight space of go = so„ : adding 6 we get a basis of f) . The root system is 

A = {±£ij±- • ■±ei^+m6 | \ <ii< - ■ ■ <ik<r, k-2 <m< n-2, m>-l, m-fc e 2Z} if n 2r 
A ^ {±ei^±- ■ ■±ei^ + mS \ l<ii<- ■ ■ <ik<r , k~2 <m< n-2 , m>-l} if n = 2r + l 

As to root spaces, consider any root a = ztSi-^zL ■ ■ • ± e^^-t- to (5 written as a = XI j=i '^j + (5 
with dj e {+1, 0, —1} for all j . Then the formulas in ^2.171 along with (2.26) lead to find that for 
every root a = X]j=i "^j £j + mS the root space ga=j]'-i d-j ej+mS has K-basis the set 

[d^^ I a €{0,1}" : \a\-2 = m, a{j) - air + j) = d, V j } 
The height of a = ±eii ± • • • ± e^j, + to (5 is ht{a) = to ; in particular, if D^a g g„ then 
\a\ — ht{a) + 2 ; the parity of a is the same as to, and its multiplicity is /i(a) — (^[(^m^k)/ 2]^ ' 
where [(to — k)/2'\ is the integral part of (to — k)/2 . 

Finally, note that the roots a = mS are the only ones whose double might be a root too. <0> 

2.19. Finiteness properties of roots and root vector action. As we saw in ij2.181 the root 
space decomposition yields a Q-grading of g . As a consequence, each root vector acts nilpotently. 
Actually, we can make this result more precise. We begin with some easy properties of roots: 

Lemma 2.20. Let a , P e A . Then (t a + (3) <^A for all t > 2 . Moreover, if 2a € A or 3aeA, 
then g = H{n) , a G | to (5 | to G Z } , or (only for the first case) g = S{n) , a G {^eil^^i „. • 

Here now are the finiteness properties of the root vector action we need: 

Proposition 2.21. The following hold: 

(a) Let aeA, a^~£i if g^S{n) or a^{2N+l) S if g = H{2r+l) . Then [ga , 0a] = {0} . 

(b) Let a G Ag , £ Qa ■ Then ad{xa) ^ = ; if a ^ Aq , then ad{xa) ^ = . 

Proof, (a) If g is of type W , S or then direct inspection shows 2 a ^ A for a G A , with a ^ —Si 
in type S . If instead g is of type H{n) then 2 a ^ A whenever a ^ Z6 (as direct inspection shows). 
Then in all these cases one has [g^ , Qa] C g2a = {0} . Finally, assume g is of type H{n) and 
a G Z (5 , say a ^ kS . The root space Qa has K-basis the set { D^s, | a(s) = a{r+s) V 1 < s < r } , 



and by formulas (2.19-21) we may have 



= D)^^a J 7^ only if n is odd (= 2r+l) 



(b) First of all, assume a G Aq (\ Aq) , and consider any other root /3 G A . By Lemma [2.201 
one has 3a ^ A and 3a + (3 ^ A: this easily implies ad{xa) = . 

Now let g be of type W, S or S . Direct inspection shows that, given a G Ag and /3 G A , one 
has 2 a + /3 G A only if a G Ao . Then one can argue as above for the action of ad{xa) ^ onto [} 
and onto root spaces g^ , and eventually prove the second part of the claim for types W, S and S . 

Let now g be of type H, say g — H{n) . From ij2.18l we know that the root vector 
linear combination of root vectors of the form D^<l , say Xa =J2k '^^ D^s.k for some € K. 

First assume a ^'LS . Then 2q! ^ A , by Lemma [2.201 thus Q2a = {0} and for any pair of 
summands in the expansion of Xa we have ^D^<Lk' , D(^2.yi^ G {ga , Qa} Q Q2a — {0} . 
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Now let a G Z (5 , say a = mS . Then m is even because a G Ag ; but | | — ht{a) + 2 — m + 2 
for each a^. occurring in the expansion of Xa , so in particular |aj,| is (independent of k and) even, 
thus in the end a^, has the property that aj;{s) = 0,^(^+5) for all 1 < s < i. Now (2.22) applies, 
yielding j^-''' , = and so in the end \^D^^,, , D^^l^,,^ ^ D^^^,,^^^,,, } = Dq ^ . 

In any case, we found that all summands in the expansion of Xa do commute with each other. 
It follows that ad{xa) ^ = s^di^D^nk ) ; so it is enough to prove the claim for x^ = D^<l . 

Again, Xa = D^a_ implies \a\ = ht{a)+2 : as a G Ao\ Ao implies ht{a) > 2 , this yields |a| > 4 . 
Then (2.23) gives ad(^^)'(^^) = {f^, = for 6 G {0, 1}" : thus ad{D^j.f {gfj) = {0} 

for all ;3g A. Similarly ad{D^.)^{h)^ [D^a ^[D^^ ^h]] = -a{h) [D^^l , D^^] =0 for any /i G f) , 
as D^<L G flo ■ thus ad(£'^») (t]) = {0} too. Then arguing as above we get ad(£)ja) = . □ 

2.22. Triangular decompositions, Borel subalgebras and special sub-objects. Since 
char(K) = , we can identify hereafter the fundamental subfield of K with Q . 

Let [}Q := Q {H G f) | a{H) G Z, V a G A} ; one sees easily that f)Q is an integral 
Q-form of () , and a{h) G Q for all /i G f)Q . We call /i G f)Q regular if a{h) 7^ for all a G A . 
Any regular /i G f) defines a partition A = A+ ]J A^ where A+ := {a G A | a{h) > O} and 
A~ := {a G A I a{h) < } : the roots in A+ are said to be positive, those in A^ negative. All this 
defines a triangular decomposition Q — Q'^ ® i) ® g~ with :— ®Qg^± Qa , as well as Borel 
subalgebras := t)0g^ . From now on, we fix a specific Borel subalgebra of go , denoted bo , and 
we restrict ourselves to consider those Borel subalgebras of g containing bo • Among these, when 
Q ^ S{n) there is a maximal one, bmax := bo ® ^ ® Qij , and a minimal one, bmin := bo ® Q-i ■ 

For later use, we introduce notation (consistent with ii2.18p Agt ■— Ao\ Aq , Ajt := Aj\ A_i , 
A± A. n A± , A± := A. n (A± x N+) where A. G { A , Ao , Ag , Ai , Agt , Aj t } . 

Starting from the root decomposition of > j2.18[ we can introduce special "sub-objects" of g : 

Definition 2.23. Basing on the root decomposition in i i2.18l we have gg = () © {®aeAo S") ' 

01 = 07eAi07 and go = f) ® (©aeAoS") • Then set ggt ®c,eA,,-fB» ' Sit — ©^gAj^St > 
and g^t =(Bz>tBz for all t > —1 . Note then that g_it =goffi0it and got =ggT©giT ; note also 
that (gtT)o = So ri fliT = ® z>t 02 , for all t > -1 . For g ^ S'(n) consider also g_i.o := g_i © gg • 

Remark 2.24. Note that go , ggt and gg are Lie subalgebras of g , while ggt is a Lie ideal of 
gg , and we have a Lie algebra splitting gg = go x go t (semidirect product of Lie algebras) , with 
go reductive and ggt nilpotent. Similarly, (gtt)g is a Lie subalgebra of gg , for all t > —1; when 
q>p, (ggt)o is a Lie ideal of {dptj^- On the other hand, g_it and got are Lie supersubalgebras 
of g, with g_it 3 got . Moreover, got is a nilpotent Lie superalgebra, and a Lie ideal of g_iT : 
then g_it = go x got (semidirect product); similarly, for g ^ S{n) we have g-i,o = 0-i ^ 0o ■ 

2.4 Basics on modules 

Later on we shall work with g-modules and g-modules, so we specify now a few definitions. 

Definition 2.25. Let (] , resp. () , be a fixed Cartan subalgebra of g , resp. of g, as in ^2.181 

(a) Any g-module V is said to be a weight module it V = ®Aeir where we set V\ := 
{ w G y I h.v = \{h) V , V /i G ft } for all A G ()* . In this case, every V\ is called a weight space of 
V, and every A G f)* such that V\ ^ {0} is called a weight of V. 

Let now V he a, weight module (for g), and set Supp{V) := {A G ()* | Va 7^ {0}} : 

(b) for every A G ()* we call multiplicity of A the dimension multv{X) dim(V\^ ; 

(c) we call V integrable if all root vectors of g act locally nilpotently on it; 
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(d) if a splitting of roots into positive and negative ones has been fixed as in H2.221 we call 
highest weight of V any A G Supp{V) such that Qa-V\ = {0} , i.e. X + a ^ Supp{V) , for all 
a G ; then we call highest weight vector (of weight X) any v\ € Vx\ {0} . 

We adopt similar definitions and terminology when g and f) replace g and f) respectively. 

Also, notice that any g-module bears a structure of g-module too, with £ acting semisimply: 
moreover, if the g-module is in fact a weight module, then its structure of g~inodule can also be 
chosen so that it is still a weight module for g as well (all this is standard, see e.g. [12] or |16)). 

Remarks 2.26. 

(a) by standard theory of reductive Lie algebras, every finite dimensional g-module on which 
the element £ acts semisimply is automatically a weight module; 

(b) if V' = 0Aei,*^A is any weight module, then Xq.Vx C V^+q for every root vector 

of Q (a G A), by elementary calculations; it follows that every finite dimensional g-module — 
which is a weight module by (a) — is automatically integrable; 

(c) g itself is an integrable weight g-module for the adjoint representation: the set of weights is 
Au{0} , and weight spaces are the root spaces and f) ; similarly (up to details) for g as a g-module. 

(d) if V = 0;^g(,.VA is any integrable (weight) module, then for each root vector Xa & Qa 
(a e A) the formal infinite sum exp(a;Q.) :— J2 ^a/"'- gives a well-defined operator in GL(V^) . 

riGN 



3 Integral structures 

In this section we introduce the first, fundamental results we shall build upon to construct our 
"Chevalley type" supergroups associated with g . We keep notation and terminology as before. 

3.1 Chevalley bases and Chevalley superalgebras 

In this subsection we extend a classical result: the notion of "Chevalley basis" for (semi)simple 
Lie agebras. A similar notion was introduced in [9] for simple Lie superalgebras of classical type, 
and used to construct affine algebraic supergroups. We now do the same for the Cartan type case. 

Definition 3.1. We call r := rk(g) the rank of g: by definition, it is the rank of the reductive 
Lie algebra go , so rk(W{n)) = n , rA;(5(n)) = r/c(5(n)) = n — 1 and rk[H{n)) ~ . 

We call CiievaJiey basis of g anyK-basis B = {Hi]^^^^ U ( UaeA {^":fe}fc=i,...,^(a);) = 
{TJi} .^^ ^. W {-'^algg^ of g which is homogeneous (for the cyclic grading of g , cf. subsec. lO)) 
and enjoying the following properties (with notation of ^2. 181 for coroots): 

(a) {Hi,...,Hr} is a K-basis of t) , suchthat /3(ffi), . . . , ^(iJ^) e Z for ah ^ e A and 
Ha G f)z := Span^(^Hi, . . . , Hr) for all a G Aq ; in particular, [Hi , Hj] = for all I < i,j < r ; 

(h) {Xa,k]f._i ^(^^y is a K-basis of g^ , for all a G A ; thus \Hi , Xa,k\ = Oi{Hi) X^^k ^ i , k \ 

(c) [X„,fc,^a,fc] - V a G Ao, fc G {l,...,/i(a)}; 

(d) [Xas , = Ha V a G Ao , 

[X^i^i , X^^i^k] = ±-ff(T,(fc) V 7 G A_i , fc = 1, . . . ,Ai(-7) , for some embeddings 
cr^: {l,...,M(-7)}--^{l,...,r} suchthat {± , fc=i,....p(-7) = {±ili, . . . , ±i?^} ; 

(e) [Xa,k , Xpm] = Va,/3GA:a + /3^(AU {0}) ; 

(f) [Xa,k , Xp^h] = EtiT^^ ^a.kit) Xa+p,t Va,/3GA:a + /3GA, 
for some (i) G { , ±1 , ±2 } such that 
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(f.l) if a,/? G Ao then c^'i(l) = ±(p+l) where p G N is such that [3 —pa e A and 
/3 — {p +1) a ^ A (note that in this case iJ,{a) = /i(/3) = ^J,{a + (3) = 1), 

(f.2) if (a,/3) e (A„i X A) U (A X A_i) , then there is one and only one index <' such 
that cf;,^(i') = ±1 , cf;,^(i) = y t'^t , 

(f.3) ii a — /3 (hence 2 a G A ; this occurs only for g — S{n) , a = — , or g = iJ(2 r+1) , 
a = m(5 with m odd), there is at most one t' such that c^'^i^') ' then c^'kip') = ; 

(^gj if ae Ao and 2 a + /3 e A , there exists a unique <' G {1, . . . , /x(2 a + (5)} such that 

(h) for all 7e Aj , we have (with notation as in (f.3.) above) 

X^2> ^ Q c^;^*^(i)'s are zero, and X^^^ = 2-ic^'^*^ (f) Xz^.f otherwise. 

If i? is any Chevalley basis of g , we set g^ := Z-span of B , and we call it Chevalley superalgebra. 
Remarks 3.2. 

(a) The above definition extends to the Lie superalgebra g the notion of Chevalley basis for 
(semi)simple Lie algebras: in particular, if B is a Chevalley basis of g then B n go is a Chevalley 
basis — in a standard sense, extended to reductive Lie algebras in case W — of go . 

In the present formulation, the conditions we give are clearly redundant, and may be simplified. 

(b ) By its very definition, the Chevalley superalgebra g^ is a Lie superalgebra over Z . 

(c) When g is not of type W, so that g ^ g , if i? is any Chevalley basis for g we can as well 
consider B BY[{Hs} : this plays the role of a "Chevalley basis" for g, and we can develop all 
the theory which follows hereafter with g and f) replacing g and [} respectively. 

(d) For notational convenience, in the following I shall also use the notation X^jj, := when 
k G N+ and 77 belongs to Q (the Z~span of A) but 77 ^ A . 

We prove the existence of Chevalley bases of g by providing explicit examples, as follows: 
Examples 3.3. Explicit examples of Chevalley bases. 

(a) Case W{n) , first example: Let g :— W{n) , and take the subset 

B' = Bw{n) := {■f^»}j=i,...,„; U (lJaeA{-^a,fc}fc^i^...,^(„).) 

considered in t j2.10[ but now written in different notation, namely 

Hi := ^i di for all i = 1, . . . , r (= n) , 

Xa.i ■= ■ ■ ■ Cis for every root of the form a — ei^ + ■ ■ ■ + Si^ — £j ( j ^ {ii, . . . , is} ) , 

Xa.k ■— Cii' ■ ■ ^is ^jk'^jk fo'" every root of the form a — ei-^ + ■ ■ ■ + Si^ , where jk is the 

fc~th index in 1 1, . . . , n} \ {ii, . . . , i^} , for k = 1, . . . , ^{a) . 

By the results in i j2.11l and H2.18l one checks by direct analysis that B' is a Chevalley basis. 

Indeed, this specific Chevalley basis has even stronger properties than the prescribed ones. 
Namely, the c^'^(i) occurring in part (f) of Definition 13.11 satisfv. besides (f.l) and (f.2), the 

following (stronger) properties: c^ij(^) G {Ojil} i and there exist at most two indices ti and 

t2 such that c^;fe(ii) = ±1 , c|^;fe(i2) = ±1 , and cf;^(i') = for all t' ^ {ii , is} ■ 

(b) Case S{n) : Let g := S{n) , and take the subset 

B = Bs(n) ■■= {^»}i=i^...^„_i; U (lJaeA{^",fc}fe=l,...,M(a);) 

considered in i)2.12l but now written with another notation, namely 

Hi := £,i di - ^i+i di+i for all i = 1, . . . , r (== n- 1) , 
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Xa.i := Cil ■ ■ ■ Cis for every root of the form a = + • • • + e^^ — Ej , j ^ {ii, . . . , is} , 
-'^a.fe := ^ir • • 6, fefc^jfc ~ Ofc+i^jfe+i) for every root of the form Q; = £ijH h , where 

{jl, • ■ • ,jfi{a),j,,{a) + l} {1, • ■ • \ ■ • ■,'is} with jl < • • • < < jp(Q) + l . 

Here again, direct analysis based on H2.13l and i j2.18l shows that S is a ChevaUey basis of S{n) . 

(c) Case S{n) : Let q := S{n) , and take the subset 

^ = ^S{n) ■= {Hi}i=l,...,n-1- U (lJaGA{^a,fc}fe=l,...,^(a);) 

introduced in ji2.14l and now written with a different notation, namely 

Hi £,i di - Ci+i for aU i = 1, . . . , r (= n- 1) , 

-''^a,! ■= ^ii ■ ■ ■ Cis c^j for cach root of the form a ~ ei-^+ ■ ■ ■ + Si^— Sj , j ^ {ii, . . . , i^} , s > , 

Xa.i ■= {£,1 ■ ■ ■ £,n — l) dj for every root of the form a = —Ej {j = l,...,n), 

Xa,k ■= ■ ■ Ci,{£jk9jk- £jk+iC>jk+i) for every root of the form a = e^^ H h Ej,, , where 

{jl, • ■ ■ , + {l: \ {il,---,**} with jl < ■■■ < j ^{a) <j,i{a) + l ■ 

Again, direct analysis (via ^ ^2.151 > j2.18p shows that this B is indeed a ChevaUey basis of S{n) . 

(d) Case W{n) , second example: Let again q := W{n) . For any i G {l,...,n} and any 
Jq S {l, . . . ,Ai(a)} for |a G A : ht{a) > l} — ^(a) being the multiplicity in W{n) — consider 

B" ■■= Bs(,,) U d,} U := U--- U I « G A : ht{a) > 1} 

where we wrote a — Sai+ ■ ■ ■ +£as for every root a with ht{a) > 1 (so that the string (ai, . . . , as) 
depends on a itself). Yet another direct check shows that B" is a ChevaUey basis of W{n) . 

(e) Case H{n) : Let g := H{n) , and Bff(„) := | ZJ^e e G {0, 1}", < |e| < tj | . Set 

Hi := -D^^ 5,.^, = S.idi - ir+i dr+i for all i = 1, . . . , r (= [n/2]) ; 

then for any root a = e^^ + • • • + e^^ — e^^ — • • • — + niS set s [(m ^ p — q)/2\ and pick the 
root vector (with (p as in i i2.16p 

Xc,k := ±L>4,^...^,^^^+^.^...^^+^.^^,^...^,^^^^+,^...j^_^,^ if (m-p-q) is even, 

X„,fc := ±%/2D^,^...^,^4^+^.^...5^+^.^^,^...5,^5^^,^...5^^,^ if {m~p-q) is odd, 

for every choice of ii, . . . , is € {I7 • ■ • : ''I \ ■ • ■ j *p} U {ji, . . . , j<j}) with ii < • • • < , where 
A; G {1, . . . , /^(a)} is used to order the possible choices of ordered subset of indices {ti, . . . .tg} ■ 

N.B.: the root vectors of second type have to be considered only when n itself is odd. 

Now, using the formulas and results in i j2.17l and i j2.181 one checks that the set of all i/^'s and 
all Xa,kS defined above (for suitable choice of signs) is indeed a ChevaUey basis of H{n) . (} 



3.2 The Kostant superalgebra 



For any K-algebra A , given m G N and y G A we define the m-th binomial coefficient 




and the m-th divided power y(™) by := v iy-^)-iv-"^+i) ^ y{rn) _ ym^^i _ 
We start with a (standard) classical result, concerning Z-valued polynomials: 

Lemma 3.4. (cf. ]13f . %26.1) Let K[j/] := K[?/i, . . . , j/f] be the K-algebra of polynomials in yi , 
■ . ■ , yt , and /niz(lK[y]) := { / e K;[y ] | /(zi, . . . , Z() G Z Vzi, . . . , gZ } . Then Intz{K[y]) 
is a Z-subalgebra 0/ K[?/] , free as a 'L-( sub) module, with basis { 11^=1 {„'■ ) I ■ • ■ ; '^t G N } . 
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Let U{q) be the universal enveloping superalgebra of g . We recall that this can be realized 
as the quotient of the tensor superalgebra T{q) by the two-sided homogeneous ideal generated by 

I a; (g) y - (-l)^^^)^^^^^ (g)x-[x,y] , z (g) z - 2:, ?/ S flo U fli , z S fli | . 

Fix a Chevalley basis ^ = U {^a,^}'^^ -''^'"^^ = W,^,_^.U{Xs}^^^ of 

g as in Definition 13. 1[ and let t)z be the free Z-module with basis {Hi, . . . , Hr}. For ft. G [)z , we 
denote by h{Hi, . . . , Hr) the expression of /i as a function of the Hi's. From Lemma l3^ we have: 

Corollary 3.5. Mz '■= {h£U{i}) \ h[zi, . . . , Zr) £ Z , Vzi, . . . , Zr G Z } is a free Z-submodule 
of U{i)) , with basis -B(7(ij) '■— ^Y[i=i(^nSj "^1, • • • , '77,„ e n| . Moreover, it coincides with the 
Z-subalgebra of U{q) generated by all the elements (^m^) ''^^^^ H ^ 1)^ , z ^TL , meN. 

We are now ready to define the Kostant superalgebra. Like in [5], we mimic the classical 
construction, but making a suitable distinction between the roles of even and odd root vectors. 

Definition 3.6. We call Kostant superalgebra of U{g) the unital Z-subsuperalgebra Kz{q) of 
U{g) generated by all elements (j^'j , xj"' , X:^ for to e N , 1 < i < r , 5 G Af, , 7 € Ai . 

Remarks 3.7. (a) The classical notion — suitably adapted to the reductive Lie algebra 0[„ when 
g = W{n) — defines the Kostant's Z-form of U{go) , call it Kz{go) , as the unital Z-subalgebra of 
?7(go) generated by the elements X^'' , with a e Aq and to e N . Then Kz{g) 5 Kz{go) ■ 

(b) As a matter of notation, wc shall always read X-'"'' :— Sm,o if 5 ^ A , for any to g N . 
We shall use the following result, proved by induction (cf. also [13], §26.2, for part (a)): 

Lemma 3.8. Let I be a Lie K-algebra, and £,m Cz N , £ A m := min(£, to) . 

(a) Let E,F el, H ■.= [E,F] el, and assume that [H,E] = +2E, [H,F]=-2F. Then 

(b) Let A,B el, C := [A,B] e I, and assume also that [A,C] =0, [B,C] = 0. Then 

^(£)^M ^ ^Mm ^(,„-,) ^(,) inside U {I). 

(c) Let L,M el, N := [L,M] , 2T := [L,N] e I. Assume also that [M,N] = [L,T] = 
(then [M,T] ^[N,T]=0 as well). Then 

(d) Let X,Y e I, and assume that [X,Y] =^ 0. Then 

(X + r)^"^ ^ ^m^^ ^(m-«) ^ ^m^^ ^(i,) mSldc U (l) . 



3.3 Commutation rules and Kostant's PBW theorem 

In the classical setup, a description of Kz{go) comes from a "PBW-like" theorem: namely, 
Kzigo) is a free Z-module with Z-basis the set of ordered monomials (w. r. to any total order) whose 
factors are divided powers in the X5 (^a e Aq) or binomial coefHcients in the Hi (i — 1, . . . ,n). 

We shall prove a similar result for g , our Lie superalgebra of Cartan type. Like for (semi)simple 
Lie algebras — and also for simple Lie superalgebras of classical type, cf. [Ij, §4 — this follows 
from a direct analysis of commutation rules among the generators of Kz{g) ■ To this end, we list 
hereafter all such rules, and also some slightly more general relations. We split the list into two 
sections: (1) relations involving only even generators; (2) relations involving also odd generators. 

The relevant feature is that all coefficients in these relations are in Z . 
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(1) Even generators only (that is ^^"^ X~"^^s only, a G Aq): 

= (™)('^0 V z,, £{!,.. .,r}, y i,meN (3.1) 

xt^fiH) = f{H-rmT{a){H))X^"''> V 5 G Aq , i/G t) , m G N , /(T) gK[T] (3.2) 

4^ ) 4") + ") 4+™) V 3 G Ao , V ^, m G N (3.3) 

4)xi")=xl™'4' V5jGAo:^(5)+7r(^)^(AU{0}), V£,mGN (3.4) 

V a G Aq , V i?, m G N , with £ A m := min(£, m) 

xi'l^M - E^T'^ ( E ''n'\<.^i))''4-i,) 4r^ (3.6) 

V aG Ag, /3g Ag : a+/3 G A , 2a+p^A, a + 2f3^A, V ^, m G N 

s=0 p+q=s \j2qt=q t=l / 

V a G Ao, /? G Ag \ Ao : 2a + /3 G A, V ^, m G N 

4a 4"' = 47 4^ + ^-/i-^ V a, /? G Ao , V m G N (3.8) 

where c^'f (i) and X^+^ t are as in Definition 13. ll^ f). while e = ±1 and the index t' are such 
that [X^,i,Xp,h]] =e2X 2Q+^,t' as in Definition l3.1l^ o). and l.h.t. {— "lower height terms") 

stands for a Z-linear combinations of monomials in the 4'"' 's and in the (^J^ 's whose "height" 
— i.e., the sum of all "exponents" q occurring in such a monomial — is less than £ + m . 

Proof. Relations (3.1), (3.2), (3.3) and (3.5) hold by definitions, along with Lemma [3?8K a). 

If 5, /3 G A and n{a) +7r(^) ^ (A U {0}) , then we get [Xs , X^] ^ by Definition [XTVe J. 
so Xa and X^ commute with each other: this implies (3.4). 

Relations (3.6) follow as an application of Lemma. \TW b} to I := , A := Xa.k and B := Xp,h , 
taking Definition 13. ll ^f) into account. Indeed, in this case Definition 13. ll ^f) gives 

C := [AB] = = Erir''^<t(i)X„+^,, 

Moreover, the assumptions {2 a + /3) , {a + 2 /3) ^ A imply C] = = [-B,C] . Thus we can 
apply Lemma^Mb) to expand A^^) = 4^1 4"^ ' ^^'^ 

expansion we find we can still 

expand each divided power C^''^ = (j2t=i^'^^ ^aki^) ^a+p,t^ via the formula in Lemma l^^ rfj. 
which applies as 



<'fc(*')^a+/?.t' , <'fe (i")^a+/3.t"J = for all t',t" , by Proposition [MT]fa;. 

Relations (3.7) follow as an application of Lemma r3.8l ^c j. Indeed, in the present case we can 
apply Lemma [3?5K c] to [ gg , L :— X^.i , M := Xp^h , so that 



N [L,Af] = [X^,i,Xp,h] - Erii <fW^a+/3.t , T 2-'[L,N] = eX2„_ 



-13, k 
(9) 



Then in the formula of Lemma l3.8l (^c) we still have to expand iV^''' = (^J2t=i^^^ c^'i{t)Xa+i3.t 
using Lemma Yi.HY d). which again applies — all summands commute with each other — by the 
same arguments as above. In particular, [M,N] — and [L,T] — because of Proposition !^?^ 

Finally, relations (3.8) — concerning roots of go — are well-known by the classical theory. □ 
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(2) Odd and even generators (also involving the Xs;, 7 e Aj ): 

X^f{H) = f{H-7r{^)iH))X^ V 76 Ai, /iGf), /(r)eK[T] (3.9) 

X^% ^ if all c:;^;^'(i) are zero, X^% = 2-'^c:i;^ (f) X2^.t' otherwise (3.10) 
(with notation as in Definition \'6.1]( f.3. )) 

X^,i^-7,fe - -X_^,fcX7,i + H^Ak) V 7 e A_i (3.11) 

with H^_^j^i^'^ = [Xj_i , X y^k] S as in Definition 13. ll^ rfj 

X:y Xjj ^ -XjjX:y V7,^eAi : 7r(7) + 77(77) , V <' G N (3-12) 

X^^h = -X^MX^^k + Et=i'^^^^:;:kit)X-f+v,t y i,v^^l ■■ a + -/eA, y£eN (3.13) 

XPX^^X^XP V 5e Ag , 7€ Ai : 7r(5) + ^(7) ^A, V£eN (3.14) 

Xi'lx,,, ^ X,,,xi'l + fErir^^c2.t(t)X„+,,0<^'^ (3-15) 



VQ;eAo,7eAi:Q;+7eA,2a+7^A, V£eN 

(Etll'''''' cjf (t) Xa+-y^t^ X^^^ + eX2a+j,t' x'f^^ ^' (3.16) 

V a e Ao , 7 e Ai : q;+7 , 2 a+7 e A , V ^ , to e N 



where c^'^(i) , c2'^(t) , X^+,,,t , XQ+-y,t , e = ±1 and the index t' (namely, the one such that 
[Xq.i, [Xq^i, X-y_i ] ] = e2X2c(+7,t' ) are given again as in Definition 13. ll^ f-o). 

Proof. Almost all of these relations are proved much like those among even generators only. 

A first exception is (3.10), which holds by Definition I3.1l ('/t). taking into account that in the 
universal enveloping superalgebra one has X^ = X<2> for every X G gi . Another exception is 
(3.11), which is just another way of rewriting what is expressed in Definition 13. ll ^rf). 

As to the rest, relations (3.9), (3.12), (3.14) directly follow from definitions. Finally, relations 
(3.13), (3.15), (3.16) are proved, like relations (3.6) and (3.7), via induction like for Lcmma lSTSl □ 

Here now is our (super- version of) Kostant's theorem for Kz{q) '■ 

Theorem 3.9. The Kostant superalgebra Kz{q) is a free Ij -module. More precisely, for any given 
total order ^ of the set A ]J {l, . . . ,n} a Ti-hasis of Kz{q) is the set B of ordered "PBW-like 

monomials", i.e. all products (without repetitions) of factors of type Xp\ ^^'^ and X:^ — with 

a £ Aq , i S |l, . . . , n} , j £ Aj , and is , ni £ N — taken in the right order with respect to ^ . 

Proof. Let us call "monomial" any product of several X-"'' , several (^'~^^^ — with z^eZ — and 
several . For any such monomial, say M , we consider the following three numbers: 

— its "height" ht{A4) , i.e. the sum of all £a and in M ; 

— its "factor number" fac{Ai) , defined to be the total number of factors (namely x'^°'\ 
(^'„7') or ) within M itself; 

— its "inversion number" inv{M) , which is the sum of all inversions of the order -< among 
the indices of factors in M when read from left to right. 

We can now act upon any such Ai with any of the following operations: 

-(1) we move all factors (^^'7^') the leftmost position, by repeated use of (3.2) and (3.9): 
this produces a new monomial M' , multiplied on the left by several (new) factors ; 
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-(2) whenever two consecutive factors X-^"-* and X-^""* occur in , we replace their product 
in M with an integral coefficient times a single factor, using (3.3); and similarly, we replace any 

pair of consecutive factors X™~' X™'' by the single factor X^''^™"' ; 

-(3) we replace any power of an odd root vector with or ±X2'y.t' , for "j — (7, fc) , 

whenever m^^k > 1 , applying (3.10); 

- (4) whenever two factors within Ai occur side by side in the wrong order w. r. to ^ , i.e. we 
have any one of the following situations 

M ^ ■■■ xL'^^ xi'^^ • • • , M = ■■■ xL'^^ x™^ • • ■ 

M = ■■■ X'p xi^"^ • • • , M = ■■■ X X^''^ • • • 

with S^/?, 5;^7, rj'^OL and ^ ^ rj respectively, we can use all relations (3.4-8) and (3.11-16) 
to re-write this product of two distinguished factors, so that all of Ai expands into a Z-linear 
combination of new monomials. In some cases one has to read these relations the other way round: 
for instance, one can use (3.7) to re-write xj^ ^a,i -^/slk -^a,! — ■ ■ ■ ■ 

By definition, Kz{q) is Z~spanned by all (unordered) monomials in the X^°'\ the (^^'^ and 

the X- ^ . Let M be any one of these monomials: it is PBW-like, i.e. in B , if and only if no one of 
steps (2) to (4) may be applied; but if not, we now see what is the effect of applying such steps. 



Applying step (1) gives A4 = "H A^' where Ti. is some product of j , and A^' is a new 

monomial such that ht(^M') — ht[M) , fac(^M') < fac{M) , inv[M') < inv[M) , and the 
strict inequality in the middle holds if and only if "H 7^ 1 , i.e. step (1) is non-trivial. Actually, this 

is clear at once when one realizes that A^' is nothing but "A^ with all factors (^^'gT^'^ removed." 
Then we apply any one of steps (2), (3) or (4) to M.' . 

Step (2), if non-trivial, yields A^' = Ai^, for some z e Z and some monomial A^^ such that 
ht{M'^) = ht{M') , fac{M'^) ^ fac{M') . Instead, step (3), still if non-trivial, gives M' ^ . 

Finally, step (4) gives M' = '^^+J2k Mk , where e Z (for all k ) and and the Mk 
are monomials such that ht(Mk) ^ ht(Mk) V k , ht(M^) — ht(M') , invi^M'^) ^ mv{M') . 

In short, through either step (2), or (3), or (4), we achieve an expansion 

M' - T.H-^'h'nM',, , z'^el yh (3.17) 

(the sum in right-hand side possibly being void, hence equal to zero) where — unless the step is 
trivial, for then we get all equalities — we have 

'ht{M'h) ■$ ht{M')) V (fac{M',;) $ fac{M'j) V (inv{M',^) $ inv{M')) (3.18) 



Now we repeat, applying step (1) and then step (2) or (3) or (4) to every monomial A4'f^ in 
(3.17). Then we iterate, until we get only monomials whose inversion number is zero: by (3.18), 
this is possible indeed, and it is achieved after finitely many iterations. The outcome reads 

M' = Ejij'HjM'- , ijGZ Vj (3.19) 

where mw(A^") = for every index j , i.e. all monomials Aij are ordered and without repe- 
titions, that is they belong to B. Now each "H" belongs to Hz (notation of CoroUarv 13.51) . just 
by construction. Then Corollary 13.51 ensures that each expand into a Z-linear combination of 

ordered monomials in the (j^'^- Therefore (3.19) yields 

M = J2s ^sH^M^ , eZ Vs (3.20) 

where every is an ordered monomial, without repetitions, in the (j^'^ i while for each index s 
we have A^^ = A4" for some j — those in (3.19). 

Using again relations (3.2) and (3.9), we can switch positions among the factors ^^'^ in "H^ 
and the factors in A^^ (for each s), so to get a new monomial M° which is ordered, without 
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repetitions, but might have factors of type \^ with 2:,^ e Z \ {0} — so that M.° ^ B . But 

then (^i".^'^ G Hz , hence again by CoroUarv 13 . 51 that factor expands into a Z-hnear combination 
of ordered monomials, without repetitions, in the (^/^ ■ Plugging every such expansion inside each 
monomial Ai^ instead of each factor — i = 1, . . . ,r — we eventually find 

where now every A^J^ is a PBW-like monomial, i.e. Ai^ G B for every q . 

As Kz{q) , by definition, is spanned over Z by all monomials in the the and the 

X™'\ our analysis yields Ki{q) C Span^{B) . On the other hand, by definition Span^{B) in turn 
is contained in Kz{q) . Therefore Kz{g) = Span^{B) , i.e. B spans Kz{q) over Z . 

At last, the PBW theorem for Lie superalgebras over fields ensures that ;B is a K-basis for U (g) , 
as B :— \^Hi, . . . , Hr} ]J {X^ | a G A} is a K-basis of g (cf. [Hj)- So B is linearly independent 
over K , hence over Z . Therefore S is a Z-basis for K^is) , and the latter is a free Z-module. □ 



3.10. Kostant superalgebras for special sub-objects. We can consider Z-integral forms for 
the sub-objects, as follows. First fix a Chevalley basis B and as in Definition 13.11 Second, for 
a G A , g > -1 , we set B n g^ , g^ := Span^{Ba) , g^ ^pa"z( lJM(Q)=g ^a) ' ^^'^ 

00 f)Z® (©„6Ao0a) ' 0I-®7eAj07 ' 00 - 1^ ® ( ®„eAo 0a) 

„Z ^ „Z „Z ^ „Z „Z ^ / f ^ _ 1 ^ r,^ ^ 

0OT tt'aeAgi.0a ' 01t ■— tt77eAj^07 ' 0tT ■— tt'g>t 0g I,''— ' 0-1,0 0-1*07 00 

(the last only for g ^ S'(n); notation of ! j2.22p with t)z ■— Spanj^(^Hi, . . . , ff^) , cf. DefinitionlXiyaJ. 

Definition 3.11. We define i^z(g-iT) as the unital Z-subsuperalgebra of U{q) generated by 
, X-™-* and X:y for all mGN, l<i<r , SgAq, 7GAjt. In a similar way, we define 
the unital Z-subsuperalgebras -fi'z(go) , -^z(go) , ^z(goT) , Kz{Qti) — t>0 — and Kz{Q^ifi) 

— for g ^ S{n) — as the ones generated by the binomial coefficients, divided powers of even root 
vectors, and odd root vectors involved in the very definition of gg , go , ggt , Qtt and g_i,o • 

Also, we denote /\ g^ , resp. by /\ g^ ^ , the (unital) exterior Z-algebra over g? , resp. over g^ ^ . 

All these objects are related by the following consequence of Theorem 13.91 (in particular, the 
first isomorphism is an integral version of the factorization C/(g) = C^(go) A0i j see |18j). 
whose proof follows from the arguments used for Theorem I3.9| or as a direct consequence of it: 

Corollary 3.12. There exist isomorphisms of Z-modules 

i^z(g) = ifz(go) ®z A0I , ^z(g-it) = ifz(go) f^z A0IT , ^z(got) = i^z(goT) ®z A01T 

and of Z- superalgebras i^z(go) = ifz(go) (8)z -fi^z (go t) ; -ftrz(g-i,o) = -f'^z(go) ®z Nq^i ■ 

Remark 3.13. Following a classical pattern, one defines the superalgebra of distributions Vist (G) 
on any supergroup G , by an obvious extension of the standard notion in the even setting; see [2] , 
§4, for details. If G is any one of the algebraic supergroups (over k) that we are going to construct, 
then Lie(G) = g — with some more precisions: see subsection 14.61 later on. Then one can check 

— like in [2], §4 — that VistiG) — k (g)^ Kz{q) =■ -^k(g) • An entirely similar remark occurs 
when the supergroup G is one of the "Chevalley supergroups" introduced in [9[ . 

Any morphism ip : G' — > G" between two supergroups induces (functorially) a morphism : 
Dist (G') — > Dist (G") , which is injective whenever (p is injective. If in addition the supergroups 
G' and G" are of the type mentioned above, then VistiG'^ = i^k(g') and VistiG"^ ~ -fs'k(g") , 
so that Dip : ^^^^(g') — > i4'ij(g") , which is an embedding if G' is a subsupergroup of G". 
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3.4 Admissible lattices for g— modules 



The tools of our construction of algebraic supergroups are the Lie superalgebra g together with 
an integrable g-module. As we need an integral version of g — and even more, of U{g), namely 
the Kostant superalgebra — we also need a suitable integral form of any integrable g-module. 

Let a Chevalley basis B and Kostant algebra Kz{q) be given, as before. If ^ a K-vector space 
we call a subset M C V a Z-form of V if (as usual) M= Span^{B) for some K-basis B oi V . 

Definition 3.14. Let V he a g-module. We retain terminology and notation of Definition 12.251 

(a) We call V rational if t)z Span^i^Hi, . . . , Hr) acts diagonally on V with eigenvalues in Z ; 
in other words, V — ®^^t,*Vii is a weight g-module and n{Hi) e Z for all i and all /i e Supp{V) . 
(h) Any Z-lattice M of F is said to be admissible if it is a Kx{Q)-sta!o\e Z-form of V . 

Note that — by the last remark in Definition 12.251 — the g-action on any rational g-module V 
can be extended to a g-action so that £ acts diagonally (=semisimply) on V with eigenvalues in Z ; 
in short, V itself is also a rational g-module, with [)-weight space decomposition V= Vi, . 

The first property of admissible lattices is natural (its proof being classical, cf. [17 , §2, Cor. 1): 

Proposition 3.15. Let V be a weight g-module. Then any admissible lattice M of V is the direct 
sum of its i]-weight components, i.e. M — ®;^gf,. {M H V\) , and similarly for i)-weight. 



s. 



Next property instead is an existence result, under mild conditions: 

Proposition 3.16. Let V be a finite dimensional, completely reducible g-module. Then V is a 
weight module. If it is also rational, then there exists an admissible lattice M of it. 

Proof. First of all, by Remark |2. 261 F is a weight module. Now assume it is also rational. Then by 
the complete reducibility assumption we can reduce to assume V irreducible. In that case, like for 
[TB], Theorem 3.1, we find that V is cyclic, i.e. it can be generated by a single vector, and the latter 
can be taken to be a highest weight vector (cf. Definition l2.25|) . Letting ti be such a highest weight 
vector, set M := Kz{g).v : then one can repeat the classical proof — like in pTj, §2, Corollary 1 
— and eventually show that such an M is indeed an admissible lattice of V as required. □ 

We can also describe the stabilizer of an admissible lattice: 

Proposition 3.17. Let V be a faithful, rational, finite dimensional g-module, M an admissible 
lattice of V , and gv — {Xeg | X.M C M} its stabilizer. Then, letting f)y :— G \) | /i(-ff) G 

Z , V /i G A} , where A is the set of weights of V , we have gv = fiv ® (©seA^"^") ■ 

In particular, gv is a lattice in g , independent of the choice of the admissible lattice M . 

Proof. The classical proof in [T7], §2, Corollary 2, applies again, with some additional arguments 
to manage odd root spaces. Indeed, the same arguments as in [loc. cit.] prove that gv = 

f)y ® (®5eA ( 0v n K Ag)^ ; then one still has to prove that g\/n K A3 = Z A5 for all S G A . 

The arguments in [loc. cit.] show that gyfl K Ag is a cyclic Z-submodule of gv which may be 
Z-spanned by some A5 with G N+ (for 5 G A ) . What is left to prove is that ng = 1 . 

For every a G Ao the same arguments as in [loc. cit.] still yield — I . 

For every a G A_i , by Definition \'S.lY f.2) we can find /3 G A such that a + (3 £ Aq , with 
a :— n(a) , (3 := 7r(^), and [A3 , A^] — ±X(^a+i3,t') for some t' G {l, . . . , fj,{a + (3)] . This 

yields ± X,^a+i3,t') = 7r-^5,A^ G gv,g^ ^ [flv^fly] ^ gy because g^ C gy and gv is 

a Lie subsuperalgebra of g . Therefore X(^a+f:).t') € gy n KA(„+^.f/) = ZX(^a+i3,t') because 

A'(a+^,t') S Aq — and thanks to the previous step — which eventually forces Ua = 1 . 

Finally, consider 5 G A^ with z> I , and let a := 7r(a) G A^ . Then, by direct analysis, we see 
that there exists 7 G A_i such that (a + 7) G A^-i ; therefore, for 7 :— (7, 1) we have again by 
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Definition inHK/.^j that 
1 



e 



Just like before, this yields ±— 



(a+7,t') 



^ [01/7 fly] ^ 3v hence X(a+^^t') e qv Ci K X(^a+j,t') ■ Since a 
has height |a| = z and |a + 7| ~z—l , by induction on z we assume gyfl ¥^X(^a+j,t') — ^-^(0+7,*') ■ 
the basis of induction is z = which corresponds to roots in Ag , that we already disposed of. 
Therefore ^^(0+7,4') G ZXi^a+'y,t') ; so that = 1 . □ 



4 Algebraic supergroups Gy of Cartan type 

Classically, Chevalley groups are defined as follows. Fix a finite dimensional semisimple Lie 
algebra g over an algebraically closed field K of characteristic zero, a Chevalley basis of g and the 
associated Kostant form Kz{q) of U{q) . Then any simple finite dimensional g-module V contains 
a Z-lattice M, which is Kz{Q)-stah\e, so Kz{q) acts on M . Using this action and its extensions 
by scalars to any field k , one defines one-parameter subgroups Xa{t) , for all roots a and t G k , 
within GL(Vik) , 14 := M (g) k: the Chevalley group (associated with g and y ) is the subgroup of 
GL(Vk) generated by the Xa{t). If one has to extend this construction to that of a genuine Z-group 
scheme, then slight variations are in order, e.g. one has to "add by hand" a maximal torus. 

This construction has been adapted to simple Lie superalgebras g of classical type in [9], [TT] . 
We do now the same for all simple Lie superalgebras g of Cartan type. 



4.1 One-parameter supersubgroups 

The supergroups we look for will be realized as subgroup-functors of some linear supergroup 
functors GL(y) , generated by suitable subgroup functors: these are super-analogues of one- 
parameter subgroups in the classical theory, thus we call them "one-parameter supersubgroups" . 
Like in the classical setup, they will be of two types: multiplicative and additive: the latter ones 
then will split into two more types, according to the type (even or odd) of the roots involved. 

We retain the notation of sections [2] and [3l In particular, y is a fixed faithful, rational, finite 
dimensional weight g-module with an admissible lattice M in it (e.g., if V is completely reducible). 

Fix a commutative unital Z~algebra k , and set Qv.k := k (K)^ gy , Vk := k M , Ut{Q) := 
k Kz{q) ■ Then Qv,k acts faithfully on Vk , which yields a Lie superalgebra monomorphism 
Qv,k' — ^ End{Vk) and a superalgebra morphism C/ik(g) — > End{Vk) ■ Now, for every A e (salg),^ 
define Qa ■= A (»k Qvm A ®z Qv) , Va '-^ A (»k Mt {= A (»z M ) and [/^(g) := ^(X-k t/ik(g) ( = 
A Kz{q)) ■ Then qa acts faithfully on Va , which yields morphisms qa ' — > End{VA) and 
Ua{q) — >■ End{VA) ■ Moreover (as sketched in §2.9|) all these constructions are functorial in A. 

The splitting V = ©/iGf)*^/i of the g-module V into [)-weight spaces yields, for any A £ 
(salg),ij. , a similar splitting Vk(^) = ffi^g|y*^/i(^) — using notation as in Examples \'2.6]f a). Now 
fix any element He \)z := Span^(^Hi, . . . ,Hr) — see Definition I3.1l/ ^a): then /i(i/) G Z for any 
fj, G Supp{V) , as is rational. Let U{Aq) the group of invertible elements in Aq : we set 

hHiu).v := it^(^) V V w G Vf,{A) , n G Supp{V) , u G [/(Ag) 

which defines an operator u" := hniu) G GL{Vk{A)) for aU u G U{Ao) . 

Note that the formal identity — ^ (m— 1)™( ^ j , whose right-hand side becomes a finite 

sum if acting on a single weight space (A) , shows that the operator ~ hn {u) is one of those 

r r 

given by the [7A(g)-action on V . Note also that H ^ J2 ZiHi [zi G Z) yields hniu) := Y[ ^hIuY^ ■ 

i=l 1=1 

Definition 4.1. For any iJ G f)z , we define the supergroup functor hn — also referred to as a 
"multiplicative one-parameter supersubgroup" — from (salg)^ to (groups) as given on objects by 
hu^A) := { := hniu) | u G U{Aq)} and given on morphisms in the obvious way. 
We also write hi :— for i = 1, . . . , r , and ha '■= hu^ for a G A . 
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Let a G Aq , /3 S Aj , and let X5 and X-^ be associated root vectors in B . Both X^ and X^ 
act as nilpotent operators on V , thus on M and V\ ; the same holds for 

iXs , ^X~^ e End(Vi(A)) V t e Ao , I? e . (4.1) 

Since (?? X^) ^ = -^'^X'i = , we have F'^/m! e (ifz(0)) (A) for any m e N , F e , i9 X^} 

as in (4.1); moreover, y™/ m! acts as zero for m ^ , by nilpotency, so exp(y) :— X^m^^o ^"Y G 
GL(Vi(A)) is wen defined. In particular, exp(i?X^) := Em=o (i? ^/s.fc)"/"^' l+i?X^. 

Definition 4.2. Let a E Aq , /3 e Aj , and let X^ and be as above; then set xs{t) := 

exp{tXs) = l+tXs + t^X^^ + • • • , for ah t e Aq , and x^{d) exp(i9X^) = 1 + , for 
all "d £ Ai . We define the supergroup functors and from (salg),^ to (groups) setting them 

on objects as Xa{A) := {xait) \ t &Aq} , Xp{A) := {x^{-d) \ ■& & Ai] for all A £ {sa\g\ — 
the definition on morphisms then should be clear. 

In order to unify the notation, we shall denote by x^{t) , for 77 G A , any one of the two 
possibilities above, so that t G AqU Ai . Finally, for later convenience we shall also formally write 
a;^(t) :— 1 when tt{C) belongs to the Z-span of A but 7r(C) ^ A . 

As in the Lie supergroup setting (see subsection 2.3 in [9]), one can easily prove the following: 

Proposition 4.3. The following hold: 

(a) Every supergroup functor hjj is representahle, so it is an affine supergroup, of (super)- 
dimension l|0 . Indeed, hniA) = ffom(k[z, z"-'^] , A) , for A e (salg)|j , with A(^z^^^ — z^^®z^^ . 

(h) The supergroup functors Xa and x^ are representahle, so they are afRne supergroups, 
respectively of (super) dimension l|0 and 0|l . Indeed, for every A G (salg)^ one has x^iA) = 
ffom(k[a;] ,yl) with A{x) = x(E)l + l(E)x and x^{A) = Hom(k[^],A) with A{^) = £,(E)l + l<E)^ ■ 

(Remark: in both cases, A denotes the comultiplication in the Hopf superalgebra under exam) 



4.2 Construction of supergroups Gy of Cartan type 

We now define our supergroups of Cartan type as suitable subgroup functors — from (salg)|. 
to (groups) — of GL(Vii;) . Further details about the formalism of (Grothendieck) topologies in 
categories and sheafification of functors can be found in [9 , Appendix, and in references therein. 

Once and for all, we let g and V as above, and we fix also a partition A = A+ ]J of 
roots into positive and negative ones as in i j2.22l 

Definition 4.4. We call Cartan (type) supergroup functor, associated with g and V , the functor 

Gv ■ (salg),^ — !• (groups) defined as follows. Let A,B G 06((salg)^) , G IIom(-saig)^(^ , : then 

— the object Gv{A) is the subgroup of GL(Vk(A)) generated by the subgroups /i_ff (A) and 
a;3(A),withffGf)z,3GA,i.e. Gv{A) - (hniA) , x^iA)) _ = (h,{A) , x^iA)) ; 

Gv{<P) 

— the morphism G'y(A) — > Gv{B) is the restriction of GL(t4(A)) —> GL(Vk(S)) , the morphism 
induced by </> by functoriality of GL(Vik) (which maps the generators of Gv{A) to those of Gv{B)). 

For later use, we need to consider several other supergroup functors: 

Definition 4.5. Let Gv be as above. We define the full subfunctors Ty, Gq, GJ, Gq , G^ , Ggt, 
Gg.f and G^ of Gv — stiU from (salg)^ to (groups) — as given on objects, for aU A G (salg)^ , by 

Tv{A) := (/i^(A) I i/G l)z) = {h,{A)\i = l,...,r) 
Go{A) := (/j,(A),a;5(A))^^^^ , G±(A) := (h,{A) , x^{A)) ^^^^^ 

i = l T-; i=\ r: 
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G±(A) (:e5(A) I 5eA±) = (G±(A) , G±(A)) 

By definition Ty, Gq, GJ, Gq , GJ, Got, G^,, G±, Gy are subgroup functors of the functor 
GL(Vk) , witti obvious mutual inclusions. As GL(Vk) is a sheaf (in the sense of category the- 
ory, cf. [9], Appendix), these subfunctors are presheaves. This implies that we can take their 
sheafification — with respect to the Zariski topology in (salg),^ — so next definition makes sense: 

Definition 4.6. Consider on (salg),^ the Zariski topology, with respect to which (salg),^. itself is a 
site. We call Cartan (type) supergroup, associated with g and V, the sheafification Gy of Gy (with 
respect to the Zariski topology). In particular, Gy: (salg),^— (groups) is a sheaf functor such that 
Gy{A) = Gy{A) when A^ (salg),^ is local — i.e., it has a unique maximal homogeneous ideal. 

Similarly, by Ty, Go, GJ, Ggt, G^^, Gq , G^ and G^ we shall denote the sheafification 
respectively of Ty, Go, Gq , Gqt, G^^, Gg , G^ and G^. 

Remarks 4.7. 

(a) The functors Gy will eventually prove to be the "affine algebraic supergroups of Car- 
tan type" which are our main object of interest. Later on, we shall prove that they are indeed 
representable, so they are afEnc supergroups, and algebraic, with gy as tangent Lie superalgebra. 

(b) By definition, the functors Ty, Go, G^, Gg , G^, Ggt , G^^ and their sheafifications are 
all supergroup functors which factor through (alg) — (alg),^ , the category of commutative, unital 
k-algebras: thus they pertain to the domain of "classical" (i.e. "non super") algebraic geometry. 

(c) We shall see later (cf. Remak l4.25p that the functor Gy can also be defined by saying that 
Gy(^) , for A e (salg),^ , is the subgroup of GL(Vlk)(^) generated by Go{A) and the one-parameter 
subgroups xsiA) with 5 G A \ Aq . A similar remark holds true for some of the subgroups of Gy . 

(d) By definition Gy and Gy — and all their supersubgroups considered above — are super- 
subgroups of GL{V) . As the latter identifies with GL(V,) — cf. Examples [2l6]C6J — we can also 
think of Gy and Gy (and their supersubgroups) as supersubgroups of GL(V,) . 

In all our analysis hereafter, the key tool will be given by the commutation relations among 
the generators of our supergroups: these are detailed in the next lemma. As a matter of notation, 
when r is any group and g,h £ F we denote by {g, h) '.= g h g~^ their commutator in F . 

Lemma 4.8. Let A e (salg)^ be fixed. 

(a) Let a,l3 e A with a + /3 ^0; set Aa^p := An (N+a + N+/3) . Then, for all < i < ^(a) , 
l£ j l£ m(/3) 7 o-rid 7 € Aq,.^ , < t < fJ-{j) , there exist c^'.l G Z such that 

(a;„,fe(p) , a;/3,h(q)) = ]\ x^^tic^^'J^v"^') (4.2) 

0<t<f,(-,) 

for any p,q € AgUAj (notation as in Definition \4.S^ , where the factors in right-hand side commu- 
te with one another. In particular (notation of Definition lS. 1\) we have the following special cases: 

(a. 1 ) assume a /3 ^ ( A U {0}) , and p, q G U (with suitable parity): then 

{xaAv) , a;^,/i(q)) = 1 

(a. 2) assume a /? G A , a ^ Ag , /3 ^ Ag , and p, q G Ag U (with suitable parity): then 
where all factors in the right-hand product do commute with each other; 
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(a.3) assume a + /3 £ A , a G Aq , /3 ^ Aq , and p, q G U (with suitable parity): then 

(for an index t' given as in part (g) of Definition \3.1\ if 2 a + P G A . and X2a+i3. t' (±P^q) '■= 1 */ 
2a + (3 ^ A) where all factors on the right-hand side commute with each other. 

(a.4) assume a, j3 £ Aq , and p,q<E : then 

{Xa,l{p) , Xfssiq)) = n Xa+I3,l{c^'l{l)pq) G Gq{A) 

o<t<M-i) 

(h) Let 7 G A_i , let < j < /u(-7) = n-1 , and let 1^,77 G Aj . Then 

(x^^ii^) , x-^,jir,)) = {lT^vHa,ij)) = hH^_^^^,{lT^v) e Go{A) 

(c) Let a G A , < z < , H £\)z , w G C/(^o) ■ u G^o U (with suitable parity). Then 
hniu) Xa,i{u) hniuy^ = Xa,i{u°'^"^ u) G Gp(„)(A) 
where p{a) := s G Z2 , by definition, if and only if a £ A-g- . 

Proof, (a) The proof follows from a direct analysis, through formal computations, just like in the 
classical case of Chevalley groups, which is treated in [T7], §3, Lemma 15. We shall carry it on by 
looking at the general case, and later specializing to the special ones. 

First of all, fix notation X := pXa,k , Y := qX/^^h ■ Recall that any (additive) one-parameter 
supersubgroup can be expressed by a formal exponential: so Xa,k(jp) ■= Sm=o(P^".'=)™/"^' 
Sr=^"^'^/^' ~ exp(X) , and xp^hil) '■= X]^=°o "'^V'^' ~ exp(y) . Now, formal calculation gives 

/ +00 \ +00 ^ -.s, 

(a:a,fc(p),X0.^(q)) = Ad(a;„,fc(p)) Y"/ -^p.hici) ^ [Ad{xa.k{p)){Y)) fsl ■ x^^hicL)'' = 

\s=0 J s=0 ^ ^ ' 

= ES;(Ad(exp(X))(r))ys! . xp,,{<D-' = ES(exp(ad(X))(r))y,s! • a:^,,(q)-^ 
where in the last step we used the (formal) identity Ad o exp = exp o ad . Now, moving on we get 
exp (ad(X)) (Y) = Et°^ ad{XnY)/r\ = Y+ [X, Y] + [X, [X, Y]] /2 (4.3) 
because ad(X)'^ = for all r > 2 by Proposition 12.21^ 6). 

As a consequence, if a + f3 ^ (A U {0}) we have [-'i^, G Qa+piA) = {0} , hence (4.3) reads 
exp (ad(X))(F) — Y . Then the above analysis proves (a.l), since it yields 

{xa,k{p) , xp^hiq)) ES^'/s! • xpj^{q)^^ = a;^,,i(q) • X0ji(q)"^ = 1 

Now assume a + /3 G A but a , /3 ^ Aq . Then [X, = by Proposition [231^ 6 ) if 

a G Ag , and by p2 = if a G Ai ; thus (4.3) reads exp (ad(X)) {Y) ^ Y + [X, Y] . Similarly 
\Y, [X, y]] = , so the summands Y and [X, Y] commute with each other; thus our analysis gives 

(x„,fe(p),X0,„(q)) = Y.t=o{Y +[X,Y]y I s\ ■ xp^hiciV^ - exp(r+[X,y]) •x^^„(q)-i = 

= exp(y).exp([X,y]) •x^j,(q)-i = exp([X,y]) •exp(y).a;^,^(q)-i = cxp([X,y]) 

since xp^h{c\) = exp(r) . Now [X, F] = [pX^^k , qX;3.h] - {-if^^^P^^^ P Qcf (t) t 

by Definition \3.lY f ). and the summands in the last term all commute with each other. Indeed, in 
all cases except for g = S{n) , a + P ~ —Si , or g = H{2 r+l), q;-|-/?g(2N+1)(5, this holds 
because Proposition \2.21\( a) give [X^+p^t' , Xa+p. t"] & [Sa+p, Qa+p] — {0} . In the remaining 
cases instead, the root a + /3 is odd, hence either a or /? is odd as well, thus p G Aj or q G Aj : 
therefore [pqXa+i3,t' , P q-'^a+,9, t"] = just because (pq)^ = ±p^ q^ = . The outcome is 
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= nrir"*^ exp((-if (p'pf'^) pq . c^:^wx„+,,,) = nrir''^a+,,t((-ir^^^^^''^ pq • <,^w) 

with all factors in the last product which commute among themselves. This proves (a. 2). 

Finally, assume that a + /3 G A and a G Ag , /3 ^ Aq {N.B.: the case a ^ Aq , /3 G Aq is 
symmetric, hence we drop it). Just like before, we find [Y, [Y,X]\ — 0; therefore [Y, [X,Y]\ — 
±[Y,[Y,X]\ = 0, then also [Y, [X,[X,Y]]] = ±[[Y, X] , [Y, X]] ± [X , [Y, [Y, X]]] = - 
by the super-Leibnitz' rule, and taking into account the identity [[F, X] , [F, X]] = inside 
q{A) := 00 "^k ^0 ® 01 "^k , which is a Lie algebra — and finally (again by super-Leibnitz' rule) 
[[X,Y],[X,[X,Y]]] = ±[[X,[X,[X,Y]]] ,Y] ± [X,[Y,[X,[X,Y]\]] = ±[0 , F] ± [X, 0] = by 
Proposition l2.21l/ ^a). for the first summand, and by [Y, [X, [X, F]]] = just proved, for the second. 
This means that the three summands in right-hand side of (4.3) do commute with each other; thus 

(a;a,fc(p), x^j>(q)) = exp(F+[X,F] + [X,[X,F]]/2) •a;^,;,(q)-^ = 

= exp([X,[X,F]]/2).exp([X,F]).exp(F).a;^,^q)-i = exp ( [X, [X, F]] /2) • exp ([X, F]) 

because x^,^(q) = exp(F) . As before, [X,Y] = (-1)^^^^^^'*^ pq • E^'l"^^^ ^a+/3,t with 

the summands in the last sum which commute with each other; similarly, we expand [X, [X, F]] as 
[X,[X,Y]] = [pX„,i,[p^a,i,q^/3,/.]] = (-l)''^P^^''^P^+^^''»p2q[X„,,,[X„,fe,F^,J] . Now, if 
a ^ Ao Proposition H^niC&J gives [X^.k , [Xa,k , F^,^]] = 0, hence [X, [X,Y]] = . If instead 
a G Ao , then ( /c = 1 and) either [X,[X,F]] = p^ q [X^,!, [X^^i, F^,i]] = ± p^ q2 Xs^+^g, f or 
[X, [X, F]] = , by Definition l3.1l /^o) — for some t' as therein. Note also that [X, [X,Y]\ com- 
mutes with each summand in the expansion [X, Y] — (_i)p(p)p(i) ^ t=i^^'' P ' "^a'fc (0 Xa+p. t ; 
indeed, this occurs because [[X, [X, F]] ,Xa+i5^t\ G Qza+2(j{j^) , and direct (straightforward) 
inspection shows that 3 a + 2 /? ^ A (having a + (3 E A and a G Aq , by assumption) . So we find 

(a;„,i(p),a:^^„(q)) = exp ([X, [X, F]]/2) • exp ([X, F]) = 

= exp (±p2qX2a+/3,t') nexp(pq<'i (i)Xa+;3,t) = a;2a+/3, t'(±P^ q) Jl ^^a+zs, t (±cf 'i (t) p q) 

(with .X2a+;g. t'(±P^q) :=1 if 2a+/? ^ A) with all factors pairwise commuting, so (a. 3) is proved. 
The very last case to consider is (a. 4), which is a classical result: see [17], §3, Lemma 15. 

(b) The same arguments used for (a) give also (a;^^i(i?) , x_^.j(r/)) — 1— "drj [X^,i . 
Then Definition I3.1l( ^rf) gives [X^,i ,X_^j] = ±H„^(^j-^ . Plugging this into the previous formula, 
and noting that (iJry)" = for all n > 1 , we get exactly (b). 

(c) Let G := (Af n V^) be any weight vector in the admissible lattice M of V used to 

define Gy . We show now that hniu) Xa,i{u) hniu) ^ and Xa,i{u'^^^'' uj acts on the same way 
on : taking /i and arbitrarily, this is enough to prove claim (c). Direct computation gives 

{hH{u)x^^,{vi)hH{u)-^){v^,) = u^^^"^ ■hH{u){Y.t=o^<i{viX^^,T{v^;)/n\) - 
= u-^'-"-> ■Y.n^,^,hH{u){ad{nX^,.nv,)) - ^-^'^^E^ro "<"+""^(^^ad(uX„,,)"(«,) = 
^ _^ad(u"(^)uX„,,)"(«^) = exp(ad(,."(^)uX„,,))(t;^) = (^."(^^u) («^) 

which is exactly what we needed. □ 



4.3 The even part Gg of Gy 

Our definition of the supergroup Gy does not imply (at first sight) that Gy be representable. 
In order to prove that, we need to know how the "even part" Gg of Gy looks like. 
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Proposition 4.9. The functor Gq is representable, hence — as it factors through (alg)|. — it is an 
affine group-scheme; moreover, it is also algebraic. More precisely, we have natural isomorphisms 
Go = Chy , where Chy : (alg)|j. — > (groups) is the standard (affine, algebraic) group functor 
associated with go and with the Qo~iT^odule V by the classical Chevalley-Demazure construction. 

Proof. This is just a consequence of the very definitions. Indeed, in terms of category theory (cf. for 
instance [12]), the category (alg) = (alg)^ is a site and both the functors Gq and Chy are sheaves. 

Moreover, by construction there exist natural transformations Gq — > Gq , Go — > Chy , and Go 
coincides with Chy via /3 on local algebras, that is P(Go{R)) — Chy(i?) for any R G 06(alg) 
which is local (this follows from §3.5.3 in [6] and Corollaire 5.7.6 in [5]). As Go by definition is the 
sheafification of Go , the universal property characterizing the sheafification yields Go = Chy ■ □ 

As a second step, we have the following result for some (classical) subgroup functors of Gg : 

Proposition 4.10. Fix any total order ^ in Agt • Then we have: 

(a) Got(^) — risGA-t ■^5(^) f'^^ ^ ^ (salg)ij. , the product being ordered according to ^ ; 

(b) GoT<!Go and Got<!Go, where < stands for "normal subgroup functor"; 

(c) Gq — Gq ■ G^t — G^t ■ Go and Gg = Gq ■ Ggt — Ggt • Gg . In particular, Gg is a 
closed subgroup of Gh{V) , hence it is in turn (on its own) an affine algebraic group. 

(d) the group functors Ggt and Ggt are both unipotent. 

Proof, (a) The formulas for commutators in Lemma 14.81 imply that any (unordered) product of 
several factors Xa{ta) with a € Agt can be reordered. In fact, whenever we have a couple of 
consecutive unordered factors, say xs-i{tsi) Xa2{'ta2) j '^^'^ re- write their product as 

■^ai(^ai ) ■^52(^0^2) ('^ai(^5i) 7 •^52(^02)) ' *^Q2(^52 ) '^Qi(^ai) 

Then formula (4.2) for {xajyta-i^) , 2^52(^02)) tells us that the commutator is either 1, or a product 
of several xa^ig) such that /i<(7r(5)) ^ /it(7r(5!i)) , /if(7r(5)) ^ /ii(7r(52)) fcf. i)2.18p . Therefore, 
we can iterate this process in order to commute all unordered pairs of factors, up to (possibly) 
introducing new factors. However, the above shows that these new factors, if any, will be attached 
to roots with greater height: as the height is bounded from above, we shall end up with trivial new 
factors, i.e. after finitely many steps all pairs can be reordered without introducing new factors. 

As a consequence, the multiplication map X sgA-t'''"^^) ^ Gv{A) — the product on left- 
hand side being ordered — yields a surjection onto Gg t (^) , realized as Got(^) — Y\~^^_^Xa[A) ■ 

(b) Again Lemma gives that JlaeA- ^s(^) normalized by Go ; then by (a), we deduce 
that Ggt 53 Gg , whence Ggt ;^ Gg follows too. 

(c) This follows easily by construction, namely from Gg < Gg , Gg < Gg and Gg = 
( Go , Ggt) , along with (b) . By classical theory of algebraic groups, as Gq and Got are closed 
subgroups of GL(y) and Gq normalizes Ggt one argues that the last part of claim (c) holds too. 

(d) This follows from the classical theory of affine group-schemes, because we have embeddings 
Ggt < Ggt < GL(V^) , and the tangent Lie algebraof Ggt , i.e. Lie (Ggt) — flgt , is nilpotent. □ 

The same (type of) arguments proves also the following: 

Proposition 4.11. Fix any total order ^ in A^^ . Then we have: 

(a) G^^{A) ~ n~f=A± Xai-'^) for all A e (salg),^ , the product being ordered according to ^ ; 

(b) Gf, < G^ and G±, < G± . 

(c) ^g" ~ ^g~ ' ^g't and G^ — G^ • G^^ . 

(d) the group functors G^^ and G^^ are both unipotent. 

Proposition 14. 101 and Proposition 14.111 can also be improved as follows: 
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Proposition 4.12. The group product yields group-functor isomorphisms 

Go = Go K Got , G± = G± K G±, and Go = Go k Ggt , G± 9^ G± k G± . 

Proof. The right-hand side pair of isomorphisms clearly follows from the left-hand side one. As for 
the latter, we have to prove that Go{A) ^ Go{A) <k G^-f{A) and G^{A) = Gq (^) x Gg^(A) for 
every A g (salg)^ , and also to show that these isomorphisms are functorial in A : this second part 
will be trivial, so we cope just with the first one. Actually, we prove Gq{A) = Go (A) k Got(^) 
only, for the proof of G^{A) = G^{A) ix G^^{A) is quite the same. 

For any A e (salg),^ , we know by Proposition liTTUl that Go{A) < Gq{A) , Got(^) < Go{A) 
and Go (A) = Go{A) ■ Got(A) . Thus we are only left to prove Gq{A) f] Got(A) = {e^^} . 

Let A e (salg),^ , and let g G Go (A) f] Got(A) : then g = go e Go{A) and g = g^ £ Got(A) , 
in particular go — g^ ■ Now let V be the g-module we use to define Gy , Gy , etc., splitting as 
V = ©^V^ into direct sum of weight spaces. All root vectors of g map weight spaces into weight 
spaces, namely Xj^.V^ C V^i+,j if €E g,, (for each root rj and every weight ^ ). This implies that, 
for all weights /i and e ^(A) i H , 5 £ A and a 7r(a) , one has (notation of ii2.18p 

hH{A) . e Ao C V;,(A) , X5(A) . e + (0„gN_^ V^+„a(A)) (4.4) 

Now, by definition, Go(A) is generated by all the hniA) and all the Xa{A) with 5 € Ao ; 
similarly, Got(A) is generated by all the Xa{A) with 3 € Agt . This together with (4.4) implies 

^^+7 (A)) (4.5) 

for any weight /i and any € , where N Aq and N Aq t are the N~span of Ao and of Ag t 
respectively. Definitions give also NAoHNAot — {0} : therefore, from (4.5) and 50 = fft i^ieT: 
that go -Vfi = = 5t • ■ Since ji and i;^ G {A) were arbitrarily chosen, and since Gy (A) 
acts faithfully on V{A) , we eventually conclude that 50 = ~ 9t ■ '-' 

Like in the classical case of Chevalley groups, one has also the following auxiliary result: 

Lemma 4.13. Let 5 C A and S := |7i'(5) S G 5| (cf. ^2.18\) . Assume that S is closed, 

i.e. a, j3 £ S and a -|- /? G A imply that a + ^ £ S ; assume also that a £ S implies —a ^ S , 
let Gg :— (^Xa a £ be the full suhfunctor of Gy generated by the one-parameter subgroups 

indexed by the elements in S, and let be the sheafification of Gg . 

For any total order in S, the group product yields scheme isomorphisms X 5^5 — Gg , 
X Xa = J where the direct products on the left-hand side are ordered ones. 



In particular, one has Gg = Gjr = A*" I si as superschemes, where s— 



A- 



Proof. Each one-parameter supersubgroup x^ is a representable supergroup, so (as a superscheme) 
it is a sheaf. Any direct product of sheaves is itself a sheaf, so the left-hand side isomorphisms 
in the claim, once proved, implies that G^ is already a sheaf, so it coincides with Gj. Also, 
the superscheme xjy is isomorphic to A^l° or hP^'^ according to whether Tr^rj^ is even or odd 
(cf. Proposition l4.3l /^&)). so X 5^5 = A^'s'^'i is clear. So we are left to prove the claim for Gg. 

Our task is to show that, for any A £ (salg),^ , the product map y^-^^XaiA) — >■ Gg{A) 
in Gg is a bijection: i.e., every g £ Gg admits a unique factorization as an ordered product 
g = Yises ^3(^5) for some G Afj U . This result can be found via the classical argument — 
cf. [T7], §3, pp. 24-25 — which now works again using Lemma [4.81 as the basic ingredient. □ 

A direct application of the previous lemma is the following {S £ | Ag t , A^ , Aq , A^.^ , A^ | ) : 
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Proposition 4.14. Fix any total order in Apt , in , in A^ , in A^^ , in A^ . Then the group 
product yields scheme isomorphisms 

XseAg^^a = Ggt = Gqt , X5eA±^3 = G| = G| , XaeAj^a = 01^ = G^ 

X SgA* "^S — Gg-j- = ^QT ' XggAi"^" — G = G 

where the direct product on the left is always ordered according to the fixed total order. In particular 



Got = Got = A^otlo G± ^ G± - A^o^lo , G± - G± - A^°l° 

G± - G± - A^o%l" , G± - G± = A^*l° 

as superschemes, where Nqi- |Aot| , \^^ \ ' -^0:= |Ao| , N^^f-.— jA^-^] , :— |A^| 



4.4 The functors Gy as afHne algebraic supergroups 

In this subsection we shall show that the supergroup functors Gy defined in subsection 14.21 are 
(the functors of points of) affine supergroups, and also algebraic. We need some more definitions: 

Definition 4.15. For any A e (salg)^ , we define the subsets of G{A) 



G 



^ J mGN . 0'^ G At . GAt ^ J 



Let N± 



and N := 



Ai 



= A^_|_ + , and fix total orders ^ in A^ and Aj : we set 
Gf'^iA) := {U^^I^^M) I 71^ •••^7JV± e A±, . . . , e } 
Gf{A) := {utl^lA^^) I 7i^---^7«e Ai, 7?i,...,z9jveAi} 
We use also similar notations to denote the sheafifications Gj , G^ and G^'^ . 



Using once more Lemma 14.81 we obtain the following factorization result for the functor Gy : 

Proposition 4.16. Let A e (salg)^ . There exist set-theoretic factorizations 

GviA) = GoiA)G-M) - Gi(A)Go(A) , G±(A) = G±(A) G±(A) = G±(A) G±(A) 

Proof. The proof for Gv{A) works for G^{A) too, so we stick to the former. 

It is enough to prove either one of the equalities, say the first one. Also, it is enough to show that 
Go(A)Gj(A) is closed by multiplication: thus we must show that go .91 ' .9o5i ^ Gq{A) Gi{A) 
for all go ,9'q & Gq{A) and gj , e Gi{A) . By the very definitions, we need only to prove that 

{I + i^^X^J ■ ■ ■ {1 + ^„,X^J xs,{t) , {1 + ^iX^J ■ ■ ■ {I + dmX^^J h^{u) e Go(A)Gi(A) 

for all m € N , ^Si, ...,/?„ e Aj , 5 e Ag , ?? € A , S , t e Aq and u e U{Aq) . 

But this follows by an easy induction on m , via the formulas in Lemma 14.81 □ 



Carrying further on our analysis, we shall improve the above result by replacing the factor Gj 
with a factor G^ . As intermediate step, this requires the following technical result: 

Lemma 4.17. Let A G (salg)^ . Then — with notation of subsection [K7\ — we have 
GiiA) c Go(Af^)G<(A) , Gi{A) c G<(A)Go(Af^) 
GfiA) c G^{Af^)Gf<iA) , GfiA) c Gf<iA)G^{Af^) 
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Proof. We deal with the first identity, the other being similar. Indeed, we prove the stronger result 

(Gi(A),Go(Af)) c Go(4'^)G-<(A) (4.6) 

where (Gi{A) , Go(Aj^^)^ is the subgroup generated by Gi{A) and Go(Aj^'). 

Any element of (^Gi{A) , Go(Aj^'')^ is a product g — 5152 ■ ■ ■ gk in which each factor is 
either of type h^j. (ui) , or xg^ (U) , or x:y. , with 77^ e A , 5^ G Aq , 7^ € Aj and G U(^A'^^) , 
U G A"^, e . Such a product belongs to Gg (^j^^) (A) if and only if all factors indexed by 
the rji G A and by the aj G Ag are on the left of those indexed by the 7^ S Aj , and moreover the 
latter occur in the order prescribed by ^ . In this case, we say that the factors of g are ordered. 
We shall now re-write t/ as a product of ordered factors, by repeatedly commuting the original 
factors, as well as new factors which come in along this process. 

As we have only a finite number of odd coefficients in the expression for g , we can assume 
without loss of generality that Aj is finitely generated as an Aq -module. If m is the cardinality 
of any (finite) set of (odd) generators of Ai , this implies A^ — {0} and Aj™-* — when m >rn . 

Let us consider two consecutive factors gi gi+i vci g . If they are already ordered, we are done. 
Otherwise, there are four possibilities: 

— (1) gi — x^.^'di) , gi-fi = hrn{ui) . In this case we rewrite 

gigi+i = x^,{d^)hrj,{ui) = /i^, (mj) a;^^ (i9-) 

with d'^ S A™' if di S A™' , thanks to Lemma l48K c). In particular we replace a pair of unordered 
factors with a new pair of ordered factors. Even more, this shows that any factor of type h^.{ui) 
can be flushed to the left of our product so to give a new product of the same nature, but with all 
factors of type hjj.{ui) on the left-hand side. 

— (2) gi = x^-{'di) , gi+i — Xai+i{ti+i) ■ In this case we rewrite 

9t9i+i = 9t+i9i9't with g- := (5r\ 9t+i^) = (a^7>(~^») ' ^Si+A-U+i)) 
so we replace a pair of (consecutive) unordered factors with a pair of ordered factors followed by 
another, new factor g^ . However, letting mi,m2 € N+ be such that Si e A^ , ti+i G A™ , by 
Lemma [4.81 this g'^ is a product of new factors of type Xy. (i?^ ) with -dj € ^ , mj > rn' + m" . 

— (3) 9i = x^ii'&i) I 9i+i — 2;7i+i (t^i+i) • In this case we rewrite 

9t9i+i = 9i+i9t9'i with 5- := (gr\ 9i+i^) = {^lii'-'&t) , x^^+d^'di+i)) 
so we replace a pair of unordered factors with a pair of ordered ones, followed by a new factor 
which, again by Lemma l4!8l is a product of new factors of type xs^ (tj) or /i^^. (u'j) with tj G A^^ , 

u'^ G C/(Aj^™^^) , where rrij > m' + m" for m', m" G N+ such that G Af , d,+i G Af . 

— (4) 9i ~ x:y{'di) , gi+i = x:y{'di+i) . In this case we rewrite 

gtgi+i = x^^{-di) x^^^^^i-di+i) = x^{di) x^{-di+i) = x^{-di+-di+i) =: g[ 

so we replace a pair of unordered factors with a single factor. In addition, each pair gi-i g[ and 
g[ gi+2 respects or violates the ordering according to what the old pair gi-i gi and gi+i , gi+2 did. 

Now we iterate this process: whenever we have any unordered pair of consecutive factors in 
the product we are working with, we perform any one of steps (1) through (4) explained above. 
At each step, we substitute an unordered pair with a single factor (step (4)), which does not form 
any more unordered pairs than the ones we had before, or with an ordered pair (steps (l)-(3)), 
possibly introducing new additional factors. However, any new factor is either of type xs(t) , with 
t G A^ , or of type X7^{'d) , with G A^ , or of type /i^(u) , with u G U (Aj™-*) : in all cases, the 
values of m are (overall) strictly increasing after each iteration of this procedure. As A™ = {0} 
for m 3> , after finitely many steps such new factors are trivial, i.e. eventually all unordered 
(consecutive) factors will commute with each other and will be re-ordered without introducing any 
new factors. Thus the process stops after finitely many steps, proving (4.6). □ 

A direct consequence of Proposition l4.16l and Lemma [4. 171 is the following "factorization result" : 
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Proposition 4.18. For every A e (salg),^ we have 

Gv{A) = Go{A)G<{A) , Gv{A) = G<{A)Go{A) 

We aim to show that the above decompositions are essentially unique. We need another lemma: 

Lemma 4.19. Let A,B^ (salg)]!^ ,. B a suh super algebra of A. Then Gv{B) is a subgroup of Gv{A) . 

Proof. By definition Gy is a subgroup of GL(y) , so elements in Gv{A) are realized as matrices 
with entries in A , and similarly for B replacing A . Then it is clear that any matrix in Gv{B) is in 
Gv{A) , and two such matrices are equal in Gv{B) if and only if they are equal in Gv{A) too. □ 

For the proof of the main result we need the following intermediate step: 
Lemma 4.20. Let A e (salg)^ , and g±, f±£ . // g_ .g+ = /_ /+ , then g± = f± . 

Proof. To begin with, we write the element g- as an ordered product g^ — (l + ^^d) i 

for some "dd & Ai , where the 7d G are all the negative odd roots, ordered as in Definition 
14.151 also, hereafter N± = |A^| . Expanding the product on the right-hand side we get 

g- = E o<.<«_ i-if^hd,---^d,x^,^---x^ 

1 < <ii< - < <i),< N_ 

Similarly, /_ = rifcTi (l + Vb^^b) ^ ^'^^ some rjd <E Af , and then we have the expansion fZ^ = 

n&=jv_(i + vbX^.y^ = nLAr_(i- vbX^,) = e o<''<"- (-i)^ ^ \b^---vb^x^ ■■■^i>.,, ■ 

N_> 6l>- -> 6h> 1 

Now let V = ®pVp be the splitting of V into a direct sum of weight spaces. Then Xfj.V^ C 
if Xjj G (for each root rj and every weight fi ) : this and the previous expansions yield 
{fZ^ 3-) . Vfj, e ®^-gNAr ^^+7" weights ^ and G Vfj,{A) , with NAj being the N-span of 

. In a similar way — with parallel notation — we find also g^^) . G ®-y+gNA^^Ai+7+ ■ 

Now, the assumption g_ g+ — /_ /+ implies fZ^ g- — f+ 9+^ ■ Since NAjj^n NAlj^ = {0} , by 
the previous analysis the only weight space in which both (^fZ^g-) .v^ and .v^ may 

have a non-trivial weight component is V^{A) itself. In particular, letting {{fZ^ g-) . Vfj,) be 
the weight component of (fZ^g-) .v^ inside V^^j^^-{A), we have {{fZ^g^) ■v^)^^^_ = for 
any 7^ e N A^^ \ {0} . We shall now describe these components, and deduce that (?-=/-. 

From now on wc use short-hand notation rj ^ := rji,-^ ■ ■ ■ rj^^ , X^„^ := X:y^^ ■ ■ ■ X^^^ , and := 

"^di ■ ■ ■ I 2Lja ■~ -^id^ ' ' ' -^id^^ ' fo'^ s-ll ordered strings b := ( 61 > • • • > 6/j ) and d := ( di > 
■■■> dk) ■ By \b\ := h and \d\ :— k we denote the length of b and d respectively. Now, we have 

by the above expansions of fZ^ and . For every 7^ G NAj , this last formula yields 

{{fZ'g-).v,)^^^_ = Er. = oEi.i-.i.i- 

where T^{"fb) E'=i ""(Tbi) ^'^'^ ^(7^) EjCi ""(7^^) — notation of ^12.181 In particular, for 
a root 7^ := 7^ G A^ we can single out the only two summands in the last formula indexed by 
a pair of strings whose lengths are one and zero: then the whole formula reads 

((/- '.9-) ■ = 'Ep=l {^P - Vp) ^7p • + 

M <''p) = -'', fH+l^^fk^^,, (4.7) 
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For every 7" G , we call n-height of 7 the highest number |7~| such that 7^ itself is the sum 
of exactly I7I negative roots. Looking at (4.7), we see that all roots 7r(7b.) or Trij'dj) involved in the 
strings b or d occurring in the last, double sum necessarily satisfy |7r(7f,;)| ^ |7~| , ['''(T'dj)! ^ 
|7^| . Now fix any e A^^ such that \^g\ = 1 : then our last remark implies that (4.7) reduces 
to {{f-^9-) ^ Ep=i i^p-Vp) ; thus from ((/J^g^) . u^)^^^- = we 

eventually get J2p=i ('^p" Vp) -^fi — • As g acts faithfully on V , hence qa does the same 

on Va , we get J2p=i Vp) = inside qa ■ Since the X^^ are part of a (Chevalley) basis 

of g , we conclude that — rjp for all p £ {1, . . . , N^} such that 7r(7p) has n-height 1 . 

We shall now extend this result to all root vectors X^^ , by induction on the n-height of tt {jp) ■ 

Take in general any 7^ G A^^ with |7^| > 1 : as induction hypothesis, we assume that for all 

7p' £ such that |7i'(7p')| ^ |7~| we have dp' = rjpi . Consider the last, double sum in (4.7): 
any "monomial" in the root vectors occurring there is of the form 

— 76 = ^IH ■ ■ ■ ^7,- ^7<ii • • • ^la^ (4-8) 

with bi > ■ ■ ■ > bh and di < ■ ■ ■ < dk . Moreover, by construction we can assume also that 
hi 7^ dj for all i and j : indeed, if hi — dj in some 6' and d' , then the inductive assumption gives 

77b. = i^d, , hence - and so l^, X^^, X^^, -v^ = . 

Now, the monomial in (4.8) will occur a second time in the same sum as follows. A first case is 
when bh> di : then X-^ = for 5' := ( 6i , . . . , 6/^ , di) and d' := ((22 , . . . , dk) ; 

this includes also the case h = . The second case is bh < di : then X ~ X ~ ^ X ~ X ~ for 

JO. ld_ lb_' Id' 

1/ :— (^bi , . . . , bfi-i) and d' := ( 6^ , di , . . . , d^) ; this makes sense for fc = as well. 

In both cases, the new strings 6' and d' enjoy the property = |6| ± 1 and = |d| T 1 ■ 

Now, whenever we consider any such pair of monomials X~ and , A_~ occur- 

ring in the last (double) sum in (4.7) and such that X;^^ 2Lya — 2L^^, ^7^, ; by induction we 
have Vfj^d — Vj^i^d' ■ Even more, a direct check shows that for the signs involved one has 
(_l)("J')+(2)+''fe + ^_i){"'2')+{"l)+h'k' ^ Q ^j^g^g h^\b\, k=\d\, h' ^ \y\ , k' ^ . Thus 
the two (identical!) monomials X~ and X ~, X in that sum canceJ out eaci otiier. 

^ ' ld_ ld_ lb_' Id' 

The outcome is that the last, double sum in (4.7) is actually zero: thus (4.7) itself reduces to 
. Vfj.)^^^- = Ylp=i (^p- Vp) ■ ■■ and, as before, one deduces i?p = 7]p for all p . 

Thus the above induction argument yields "dp — rjp for all p = 1, . . . , N- , hence g- = f- ■ 
An entirely similar analysis shows that g^ = , whence the claim is proved. □ 

At last, we are ready for our main result: 

Theorem 4.21. For any A G (salg)^ , the group product yields a bijection 

G-oiA) X G-^'<(A) X Gp<{A) = n Gv{A) 

and all the similar bijections obtained by permuting the factors Gj''"{A) and/or switching the 
factor Gq (A) to the right. 

Proof. We shall prove the first mentioned bijection. 

In general. Proposition UTTH] gives Gv{A) ~ Gq{A) Gf{A) , so the product map from Gq{A) x 
Gf{A) to Gv{A) is onto. But in particular, we can choose an ordering on Aj such that A^ ^ A'^ , 
hence Gf{A) = G1^'^{A) G^'^{A) , so we are done for surjectivity. 

To prove that the product map is injective amounts to showing that for any g G Gv{A) 
the factorization g = g^g^g^ with gg G Gq{A) , g± G Gf''^{A), is unique. In other words, if 
9 = 9o9-9+^fof-f+ with goJo^ Go{A) , ff± ,/±G Gj '<(A) , we must prove 5o =/o ; ff± =/± ■ 
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By definition of Gq{A) , both gQ and /q are products of finitely many factors of type 2^5 (tg) 
and hi{si) for some G Ag , si e U(^Aq) — with a £ Aq , i — 1, . . . ,r . Moreover, there exist 
product expansions g± ~ JJd=i ~^ "^d -^^'^) ' /± ~ Hd=i (l + ^d"''^7±) like in the proof of 
Lemma 14.201 We call B the superalgebra of A generated by all the , the Si , the "i?^ and the 
77^ : this is finitely generated (as a superalgebra), and Bi is finitely generated as a Bg -module. 

By LemmaHm Gv{B) is a subgroup into Gv{A) ; therefore the identity g— g^ = /q /_ /_|_ 
holds inside G'y(-B) as well. Thus we can switch from A to B , i.e. we can assume from scratch 
that A ~ B . In particular A is finitely generated, so Aj is finitely generated as an Aq -module. 

Consider in A the ideal Ai , the submodules A™ (cf. section 12. 1[) and the ideal (^™) of A 
generated by A™ (rngN): as A^ is homogeneous, we have g (salg)^ . Moreover, as Ai 

is finitely generated (over Aq), we have A™ = {0} = (^™) for to^O . So it is enough to prove 

g-Q = f-Q mod (Af ) , g± = /± mod (Af ) V m e N (4.9) 

hereafter, for any A' g (salg)^ , any / ideal of A' with tt/ : A' — » A'/ / the canonical projection, 
by a; = y mod / we mean that x and y in Gv{A') have the same image in Gy {A' / via Gv{t^i) ■ 

We prove (4.9) by induction, the case m — being clear, as there is no odd part. 

Let (4.9) be true for even m . In particular, g± = f± mod (^™) : then the proof of Lemma 
IHniapplied to Gy(A/Af ) gives i?f = 77^ mod (Af ) for alld, hence (i^f "^d ) ^ (Af ) nAi C 
(A™^^) , for all d, by an obvious parity argument. Thus g± = f± mod (^A^~^^) too, hence from 
gag- g+ — /g /+ we get go = /g mod (A™"^^) as well, that is (4.9) holds for m+1 . 

Let now (4.9) hold for odd m. Then .gg ee /g mod (Af ) ; but gg , /g e G'g(A) = Gg(Ag) 
by definition, hence ^g = /g mod (A™) n Ag . Therefore gg = /g mod (A™"''^) because, by an 
obvious parity argument again, one has (A™) nAg C (A™^^) . Thus from gg 5_ 5+ = /g /_ /+ we 
get also g-g+ = /_ /+ mod . Then Lemma l4T20l again — now applied to G'(A/A™+^) 

— eventually gives g± = f± mod (A™^^) , so that (4.9) holds for m + 1 too. □ 

The "overall consequence" of the last result is the following, straightforward corollary: 

Corollary 4.22. 

(a) The group product yields functor isomorphisms 

Gg X G^'< X Gp< Gv , Gg X G^-< X G+'< Gy 

as well as those obtained by permuting the {—)-factor and the [+)-factor and/or moving the (O)- 
factor to the right. All these induce similar functor isomorphisms with the left-hand side obtained 
by permuting the factors above, like Gj ' x Gg x Gj ' — > Gy , Gj ' x Gg x Gj ' — > Gv , etc. 

(b) The group product yields functor isomorphisms 

Gq X Gj ' ^ Gy , Gg X Gj ' y G^ 1 ^1 ^ ^0 ^ ' ^1 ' ^ ^0 ^ 

(c) Let :< be a total order on Aj such that ^ Al|^ or A^ ^ A^^ . Then the group product 

r\J rvJ rvJ 

yields isomorphisms Gg x Gf ^> Gy , Gg x Gf ^> Gy , Gf x Gg ^> Gy , Gj x Gg ^> Gy . 

Yet another crucial step we can move on now is the following: 

Proposition 4.23. The functors G^'^ : (salg)jj — > (sets) are representable: namely, they are the 
functor of points of the superscheme A^'''^*, where N± := |A^| . In particular they are sheaves, 
hence G^'^ = G^'^ . Similarly, for any total order in Aj such that A^ ^ A^ or A^^ A^ , we 
have Gj — Gj = A'^'"'^ as super- schemes, with N := | Aj | = A^_|_ + . 

Proof. Clearly, there exists a natural transformation : A^'^* — > G^'^ given on objects by 
^^(A) : A^I^±(A)^G±^<(A) , (7?i,...,79^J ^ Ul\^~,M) 
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Now given gf = UfJiX^l^'^) e Gf<(A), hf = U^Ji x^^{d'[) e Gf'<{A), assume that 

gf — hf , hence hf (gf) ^ = 1 . Then we get (■&[, . . ., i?jv±) = (^i ' ■ • ■ i ^Af±) J^^t as showed in 
the proof of Lemma 14.201 This means that is an isomorphism of functors, which proves the 
first part of the claim. The last part of the claim then follows like for Corollary \A.'2'2]f c ). □ 

Finally, we prove that the supergroup functors Gy are affine algebraic: 
Theorem 4.24. Every Junctor Gy is an ajfine algebraic supergroup. 

Proof. First, Gj^'^ and G^^'^ are affine, and algebraic, by Proposition 14.231 moreover, by Propo- 
sition |4?10]f'cJ, or by Proposition 14.121 Gq is affine algebraic as well. Now Corollarv 14.221 gives 
Gy ?s Gg X G^'< X G+'< as superschemes. As any direct product of affine algebraic super- 
schemes is affine algebraic too (see [3., Ch. 10), we can eventually conclude the same for Gy . □ 

Remark 4.25. Theorem r4.24l and Proposition l4.23l together show that Gy = GgxGp^xG^'^ 
as superschemes. As G^'^ = Cf'^ is generated by the one-parameter supersubgroups a;^; (7 S 
A^) , we conclude that Gy can also be described as Gy(yl) = ^Go(A) U { X7j{A)^-,^-^_^ for all 
A E (salg)^ . Even more, as Gg = Go x Ggt by Proposition 14.121 and Ggt = XsgA-^"^" ^•^ 
Proposition 14. 141 we have also Gy(A) ^Go(A) U { x^iA)} -^^■^^^^'^ , for aU A e (salg),^ . 

We finish with an additional, non-obvious remark: under mild assumptions, the supergroup 
Gy , which by construction is a supersubgroup of GL{V) , is indeed a closed one: 

Proposition 4.26. Assume that gj as a h-submodule of qI[V)i is a direct summand. Then Gy 
is a closed supersubgroup of GL(T^) . In particular, this is always true if h is a field. 

Proof. By construction we have that G < GL{V) . Consider the factorization Gy = Gg x G^- 
in Corollarv \4.22\f c): by construction, Gg is just a classical algebraic group(-scheme), embedded 
into GL{V) as a closed subgroup, therefore it is enough to show that G^ is closed too. 

Recall that GL{V) can be realized as an open supersubscheme of End{V) = Matm|„(k) , where 
m\n is the (super)rank oi V ; so it is enough to prove that G^ is closed in MatminC^) ! recall also 

0{End{V)) = 0(Mat,„|„(k)) - ^{[^^i, , <,s , , ^^J^^^Z^ZZ 

Using Proposition 14231 we identify A^'^ = G^ so that the point in A^' ^ corresponds to the 
identity / in G^ . Then the tangent superspace to G^~ at / corresponds to the tangent superspace 

to A^'^ at , naturally identified with A^'^ again. By the assumption on gj , we can complete 
the k-basis {X^y^ , ■ • • , -^7™} of 01 to a k-basis of qI{V)i : this in turn correspond to a "change 
of odd variables" in 0(^End{V)) , from {^,' ^ , Cjl^ j^^' to some new set of odd variables, 

say {^1 , • . . , (,2mn} , such that (^7^ , Cfc) = ^h,k ■ Letting J' be the embedding map of G^ 
into End{V) , the tangent map d^J' (of J' at /) is expressed by a 2-by-2 block matrix whose 

only non-trivial block (in the right-bottom corner) is (^f^^ ■ Now, given A € (salg)^ , 

any g = Uf=lX^A^^) e G<(A) expands as g = Uf=iXjM) = ^ + E,=i ^7. + ^(2) , 
where 0(2) stands for some element in qI(V{A)) = ^o'^k0'(^)o + '8'k0[(V^)i whose (non-zero) 

coefficients in Aq and Ai actually belong to A^ (cf. Subsec. [2?T1) . This implies that = S^^k , so 
that the only non-trivial block in the matrix of d^J^ is the identity matrix of size N . Thanks to 
this last remark, we can adapt the Inverse Function Theorem and its corollaries (see [3], §§5.1-2) 
to the present context: the outcome is that there exists "a change of variables" 

such that the morphism of superalgebras J* : 0(End{V)) — > 0[Gj) corresponding to J is 
given by mapping x'^j Sij , 2?" Sr,s , £.t "^t ioi t < N , >->• for t > . In turn, 
G^ = Im[J) is the zero locus Ker(^J*) , hence it is a closed supersubscheme of End{V) . □ 
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4.5 The dependence on V 

The construction of the supergroups Gy was made via the Lie superalgebra q and the g-module 
V . So we have to clarify how supergroups attached to different g-modules are related among them. 
Moreover, the construction involves the choice of an admissible Z-lattice M in V : nevertheless, 
we shall presently show that the outcome, i.e. Gy itself, is actually independent of that choice. 

4.27. The weight lattice of Gy ■ Let be the lattice of all "integral weights" of go (in 
short, "the weight lattice of go"), using standard terminology, cf. for instance |13j : in particular, 
these are weights with respect to the Cartan subalgebra f) of g . Also, we let Lr be the lattice 
spanned by all the t)-roots of g (in short, "the root lattice"): here hy "\)-ioots" we mean the 
eigenvalues in g of the adjoint action of f) (again), not of f) ; these f)-roots are just the restrictions 
(as linear functionals) from [} to () of the roots of g considered in ^ 32.181 (which might be called 
" [}-roots"). Actually, nothing changes in all cases but H{ti) : for the latter, an explicit description 
of the ()-roots follows from considering the description of the ()-roots and reading it modulo S . 

From ^12.181 we see that the root lattice Lr is spanned by the weights £i , . . . , Sr of the 
defining representation of the reductive Lie algebra go . On the other hand, the weight lattice 
Lu, is spanned by the so-called fundamental dominant weights wi , . . . , ujr ■ Now, looking at the 
relationship between the and the uij one sees that the quotient module L^/ Lj. is 

— trivial, when g is of type W, S or S , 

— isomorphic to Z2 , when g is of type H{2r + 1) , 

— isomorphic to Z2 © Z2 , when g is of type H{2r) ; 

therefore, in all cases L^^ is just "slightly bigger" than Lr . 

Now let Gv be a supergroup constructed as in section IH associated with the Lie superalgebra g 
of Cartan type and with a faithful, rational, finite dimensional g-module V with admissible lattice 
M . Now Corollarv l4.22[ Proposition 14.231 Proposition |4?T2] and Proposition 14. 141 altogether give 

Gv = Go X = Go X Got x Gf = Go x A^o^l " x A°l^ ^ Go x A^ot|^ 

(with notations used there), i.e. Gy = Go x A^s^l^ . By Proposition 14. 9[ Go = Chy is a 
classical, split reductive algebraic group. By classical theory we know that Go = Chy depends 
only on the lattice of go-weights (= g-weights) of F : we denote this weight lattice by Ly ■ 

Now, for the lattice Ly associated with the supergroup Gy we have clearly Lr C Ly C L^ . 
By the remarks above about L^/ Lr , we have that Ly is always "very close" to Lr or L^ '■ in 

particular, we always have equalities Lr = Ly = L^ when g is of type W, S or S (i.e., not H). 

Let now Gy and G'y, be two Cartan supergroups obtained from g via different g~modules V and 
v. We let xa;(t) , a:~(t) , and hniu) , h'^{u) , be the points of the one-parameter supersubgroups 
in Gy and G'y, associated with 3 e A , t e AoUAj , and iJe f)z , u^U^Aq) — cf. subsection 14. II 

Lemma 4.28. Let 4> : Gy — > G'y, be a morphism of the supergroups mentioned above. Assume 
that (t)A{Go{A)) = G'q{A) and (j)A{xa{t)) = x'~{t) for all A e (salg)^ , t e AqUAj , a £ A\A„ . 
Then Ker(^(f>) C Z(Go) , where Z(Go) is the center of Gq . 

Proof. First, note that A \ Aq A ot U A^^ U , and fix a total order ^ on this set such that 

A OT ^ Aj' ^ Aj!' . Then take g G Gy{A) with g e Ker{(t)A) ■ By Corollary H^l Proposition 
14.231 Proposition 14. 121 Proposition 14. 141 and Proposition 14.91 there is a unique factorization of g 

9 = 50 •n^eAot^^'^^^) ■n^-eAr2;7-(i^7-) •n=f+eA+^7+(^7+) (4-10) 

(all products being ordered with respect to < ) for some 50 G Go (A) , e Ag and d:^- € . A 
similar factorization also holds for 4>a{9) in G'y, (A) . All this along with 0a (5) = cg'^,{A) : with 
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and with the unicity of the factorization of (f>A{g) implies, by the assumption (f)A{xs{t)) — x'~{t) , 
that aU factors in the product on right-hand side here above are trivial. In turn, all factors but go on 
right-hand side of (4.10) are trivial too; therefore g = go & Go{A) f] Ker(^(f)A) = ifer (0^ 1^^^^^^) . 

By assumption 0a |q ■ Gq — » Gq is an epimorphism, with Gp and Gq being connected 
split reductive algebraic groups over Z having tangent Lie algebra g (by Proposition 14. 9|) . so 
d(j) : Go — !■ Gq is an isomorphism. By classical theory this forces ifer (^aIq^) C Z(Go) . □ 

Using this last result, we can now show that the relation between supergroups Gy associated 
with different 0-modules V is the same as in the classical setting. The result reads as follows: 

Proposition 4.29. Let Gv and G'y, be two affine supergroups constructed using two g-modules V 
and V' as in subsection \3.4\ If Ly 12 Ly , then there exists a unique morphism (j) : Gy — > Gy, 
such that Ker{4>) C Z[Gq) and 4)A{xa{t)) = x'~{t) for every A e (salg)^ , t e U , 
5 € A \ Aq . Moreover, cj) is an isomorphism if and only if Ly — Ly . 

Proof. By classical theory, if Ly 13 Lyi there exists a well-defined epimorphism 0o '■ Gq — » Gq : 
in particular, we can (and we do) choose it so that d(f)Q — idg^ (recall that Lic(Go) ^ Qo — 
Lie(Go) by Proposition 14. 9p . As a consequence, we have that (f>o acts on one-parameter (additive 
and multiplicative) subgroups of Gq as (j)o{x5{t)) — x'~{t) and (po^hniu)) = h'^{u) . 

Now we extend (^o to a morphism : Gy — > G'y, as follows. Fix A e (salg)^ and a total order 
in A\Ao ; use the unique factorization in Gy (A) — like in the proof of Lemma l4. 281 — to factor g as 
in (4.10). Then define Mg) 0o(.9o) ' Il^eAj, ^^(^i?) ' Il^-eAr a:^^- ( V ) ' n^+6A+ (^7+ ) ■ 

This gives a well-defined map 4)a ■ Gy{A) — > G'y, (A) , which by construction is functorial in 
A : thus we have a natural transformation — a morphism of superschemes — from Gy to G'y, . 

Moreover, this </> is also a morphism of supergroups. In fact, if A € (salg)ij is local then (j)A is 
a group morphism: indeed, Gy{A) = Gy{A) and G'y, (A) = G'y, (A) , and we have (j)A{g h) = 
(j)A{g) (PaQt) because all the relations used to commute elements in Gy{A) or in G'y, {A) so to write 
a given element in "normal form" as in (4.10) actually do not depend on the chosen representation. 
Finally, by Proposition A. 12 in [9], we have that (j) is uniquely determined by its effect on local 
super algebras, on which we saw it is a morphism: thus we conclude that (f> is globally a morphism. 

By construction (j) is also onto. Thus all assumptions of Lemma [4. 281 hold, and we can conclude 
that Ker{4>) C Z(Go) and (pAixai^)) — x'~{t) . Finally, again by construction ip is an isomor- 
phism if and only if 0o is an isomorphism itself: but this in turn holds if and only if Ly = Ly . □ 

As a direct consequence, we have the following "independence result" : 

Corollary 4.30. Every supergroup Gy constructed so far is independent, up to isomorphism, of 
the choice (which is needed in the very construction) of an admissible lattice M of V. 

Proof. Let M and M' be two admissible lattices of V , and set V := V . Construct Gy and Gy 
using respectively M and M' : then we have Ly — Ly , so Proposition l4. 291 gives Gy = Gy . □ 



4.6 Lie's Third Theorem for the supergroups Gy 

Let Gy be an (affine) supergroup over the ring Ik , built out of the Lie superalgebra g (of Cartan 
type) over K and of the g-module V as in subsection 14.21 In subsection 14.11 we have introduced 
the Lie superalgebra gy,k :— k (g)^ gy over k starting from the Z-lattice gy . We now show that 
the algebraic supergroup Gy has gy^^ as its tangent Lie superalgebra. 

We start recalling how to associate a Lie superalgebra with a supergroup scheme (j3 , §§11.2-5). 

4.31. The Lie superalgebra of a supergroup scheme. For a given A £ (salg)^ let A[e] := 
A[x]/(a;^) be the superalgebra of dual numbers, in which e := x mod (x^) is taken to be even. 

Then A[e] ~ A(BAe, and there are natural morphisms i : A — >■ A[e] , a a , and p : A[e] — > A , 
(a + a'e) A a , such that poi = id^ ■ Given a supergroup k-functor G : (salg)^. — > (groups) , 
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denote the morphism associated with p : A[e] — !• A by G{p)a ■ G{A{e)) — !• G{A) . This gives a 
unique Lie algebra vahied functor Lie(G) : (salg)^ — >■ (Lie),^. given on objects by Lie{G){A) := 
Ker (^G{p)a) ■ For the Lie structure, one first defines the adjoint action Ad : G — > GL(Lie(G)) 

of G on Lie(G) as Ad{g){x) G{i){g) ■ x ■ {G(i){g)y^ for all g £ G{A) , x G Lie{G){A) . Then 
one defines the adjoint morphism ad :— Lie{Ad) : Lie{G) — > Lie(GL(Lie(G))) :— End{Lie{G)) , 
and finally sets [x,y] := ad{x){y) for all x,y G Lie{G){A) . Further details are in §§11.3-5; 
note that the authors there assume Ik to be a field, yet this is not required for the present context. 

When G is (the functor of points of) a supergroup k-scheme and k is a field, the functor Lie(G) 
is quasi-representable (cf. ^ 32.9^ : indeed, it can be identified with (the functor of points of) the 
tangent superspace at the identity of G , denoted T'e(G) . In turn, Te(G) bears a structure of Lie 
k~superalgebra, as usual (cf. [3], §11.4.); moreover, we point out that it bears also a canonical 2- 
operation, which can be given using the (standard) identification of Te(G) with the k-superalgebra 
of left- invariant superderivations (into itself) of 0(G) , the Hopf k-superalgebra representing G . 

We shall presently see that for Cartan k~supergroups Gy this is the case also if k is not a field: 
we shall then denote by Lie(G) both the above functor and the associated k-supermodule. Note 
that this is also the case for the k-supergroup Lie(GL„|„) : indeed, it is well known that, whatever 
k is, the functor Lie(GL„|„) is quasi-representable, and identifies with the Lie k-superalgebra 
g[„l„ ; as the latter is free (as a k-module) of finite rank, Lie(GL„|„) is in fact representable too. 

Eventually, we are now ready for the main result of this subsection. 

Theorem 4.32. Let Gy he the affine supergroup of Cartan type built upon q and the Q-module 
V (cf. section \4-S^ - Then Lie(Gy) is quasi-representable, and actually representable, namely 
Lie(Gy) = 'Cg^^ as functors from {salg\ to (Lie),^ . 

Proof. The result follows from sheer computations: as everything takes place inside GL{V), one 
can argue like in the standard example of Lie(GLm|„) — which can be found, e.g., in [3], §11.3. 

First, from the decomposition Gy = Gg x G^ = Gg x (X^^^gAj^T) — Corollarv 14.221 and 
Proposition 14.231 — we find at once that 

Lie{Gv){A) = Lie(Go)(Ao) x {X^^A.i^ + ^ Aj X^)) = 

= Lie(Go)(Ao) X {l + eJ2^^A,AiX^) = MGo)(^o) x {l + eAi(dt9i) 

Second, by the results in subsection 14.31 and by the classical theory of Chevalley groups we 
know that Lie(Go) is quasi-representable (and actually representable), with Lie(Go) — >C(gg)^^ 

where (0o)y,k := k (0o)y and {3o)y := {X e Qq] X.M C M} ^ l}v ® X^^j much 

like in Proposition 13 . 1 7l and in subsection l4.1l From this and the previous remark, it follows that 

Lie(Gy)(A) - £(g-)^_^(Ao) X (l + eAi®k0i) = ^ ®k (0o)yk + ®k 0i = ^iso)v..®3M^ 

so that Lie(Gy) = Cg^^ — as claimed — because (0o)yk ® fli — 3v,k ■ In particular, as 9v,k is 
free of finite rank it follows that Lie(Gy) is representable too. □ 



4.7 Special supersubgroups of G 



V 



In subsections l4.2l and l4.3l we considered the (super)subgroups Gg and Gq of Gy . We introduce 
now some other remarkable supersubgroups, associated with special Lie supersubalgebras of q . 

Definition 4.33. Fix a splitting Ag = Aq ]JAq of the classical root system Ag = Ag (of go) 
into positive and negative roots. For all A£(salg)^ and t>—l, define the subgroups of Gy(yl) 



G_it(A) := ( hniA) , x^iA) Het}z,ae lJ,>_iA, 



G,t(A) := (xs{A) 5eU,>,A 



G_i(A) := (x^iA) 



7 e A_] 



G-i,o{A) 



(G_it)g(A) := G_it(A)nGg(A) 
(G4t)g(A) := GtriA)r\GoiA) 
hH{A),xs,iA) i/e fe, 5e A_iUAo) 
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(the last three rows only for g ^ S{n) ). Let Gft , {Gtt)^ , G-i , G_i,o , G:^-^ , G+^x : (salg),, — > 
(groups) , for t>—l , be the corresponding full subgroup functors of Gy , and G^t , {Gtrj^ — for 
t>~l — G_i , G_i,o , Gj^jjjj and G^^^ the sheafification functors of the each of the above. 

Lemma 14.131 and Lemma 14.81 yield the following properties of these special supersubgroups: 

Proposition 4.34. The following hold: 

(a) Gtt ^Xsen^^^A,^;^ = Gtt , (Gtt)g = X 5 GO.^.A.nAfl = (Gtt)g forallt>-l; 

(h) Gpt = Gpt < G,t = G,t , (Gpt)o = (Gpt)g < (G^t)g = (G,t)g , forall -l<q<p; 

(c) G_i,o = G_ixi Go , G_i,o = G_ix Go ; G_it = Gq x Got , G_it = Go k Got ; 

(d) G^i„ = G-iXiGg , G^i„ = G_ixGo, and G^^^ = G^ tx Gqt , G^^x = Gq k Got 
where G^ and Gq are given as in Definition \4-5\ and Definition \4-6\ with respect to the splitting 
Aq = A(j" ]J Aq fixed in Definition \4-33\ 

(e) the supergroup functors G^t , (G(t)g — for t > —1 — and — for g ^ S{n) — G_i , 
G_i^o , G^j„ and G^^^ are all representable, hence they are affine (algebraic) supergroups. 

Finally, the "Lie's Third Theorem" holds for these supersubgroups too, by the same arguments: 
Theorem 4.35. For 

^max above the corresponding tangent Lie algebra functor Lie(— ) is representable, namely 
Lie(G,t) = r,.^ , Lie((G,t)g) = V t > 

Lie(G_it) = , Lie{{G_,,)^) = 

Lie(G_i) = £3.^ , Lie(G_i,o) - ^{e-i.oK,^ 

as functors from (salg),^ to (Lie)^ , w/iere (fl-it)^,, := (0y)oX0oT ' (fl-iOy,k;0 •= (0v)oX (0ot)o ' 

(0-l.o)y^k — 0-1 (9v)o , (&min)y,k — 0^1 (0v)^ a«C? (b,tax)y,k (0^^)^ ^ 0Ot ' 

(0v)o = llv ffi (®aeAo 0S) (0v)J = fly © (0QeA± 0?) — notation of Definition [EM and 

Definition \3.11\ 



4.8 The uniqueness theorem 

In this subsection we shall prove that every connected afhne algebraic k-supergroup whose 
tangent Lie superalgebra is of Cartan type and whose classical subgroup (see below) is k-split, is 
necessarily isomorphic to one of the supergroups Gy we constructed. So, up to isomorphism the 
supergroups Gy are the unique ones of the above mentioned type. We begin with a definition: 

Definition 4.36. Let G is an (affine) supergroup, H :— 0(G) the Hopf k~superalgebra represen- 
ting it, and Tl ■.= H I {H-^ ® Hi) = j H-^ , which is a (classical) commutative Hopf algebra. 

The affine group-scheme Gev represented by = 0(G) — so that 0(Ge„) = 0(G) — 
is called the classical supersubgroup (-scheme) associated with G. By construction, Ge^ coincides, 
as a group functor, with the restriction of G to the category of commutative (unital, associative) 
k-algebras. 

The quotient map tt : H :— 0{G) — » ©(Ge^) = H yields an embedding j : Ge„« — > G, so 
that Ge„ actually identifies with a closed (super)subgroup of G . 
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Again by construction one has that every (closed) supersubgroup K of G which is classical 
is actuahy a (closed) subgroup of Gev ■ Moreover, the functor Lie(Ge„) is the restriction of 
Lie(G) to the category of (classical) commutative algebras: furthermore, when the latter is quasi- 
representable, say Lie(G) ~ Cg , then the former is quasi-representable too, with Lie(Geii) ~ Cg^ . 

Remark 4.37. Let G := Gy be as in Definition |H]. Then (Gy)^^ = Go and (G^)^^ = G^ . 



4.38. Supergroups with tangent Lie superalgebra of Cartan type. Let G be a connected 
afBne algebraic supergroup, defined over k . We assume that the functor Lie (G) associated with G 
(cf. ? l4.3ip is quasi-representable, with Lie(G) — ^s^,^ where qvm '■— Ik(8)z0y' : in particular, g is 
a simple Lie superalgebra of Cartan type, we fix in g a Chevalley basis, V is a rational g-module 
with an admissible lattice, etc. In short, we might say that "G has tangent Lie superalgebra 
which is simple of Cartan type" . In particular, this means that gv'.t is free as a k-module, with 
rkkigv',k) = dirriKiB) , and it is a Lie k-superalgebra, whose Z2-grading gv',k = (0y',ik)o ® (0v",k)i 
is given by (gy.k)^ := ^ ®z (0y')a (for a = 0,1) where g = go ® 0i is the Z2-grading of g . To 
simplify notation we shall drop all superscripts " y , k " , writing just g , gg and gj , tacitly assuming 
that all these objects are k-forms (specified above) of the initial objects defined over K . 

According to Definition 14.361 the supergroup G has a "classical" subgroup Gev , such that 
Lie(Ge,,) = go ■ The assumptions also imply that Gev is a connected affine algebraic (classical) 
group-scheme, defined over k. Now go = go © got (cf. Definition I2.23|) . with go reductive and 
got nilpotent: by the classical theory, from Lie(Ge^) = go we deduce that Gev — Gq « G'^f for 
some connected algebraic groups Gq and G'^-f such that Lie(Go) = go and Lie(Gg-f) ^ ggt . In 
particular, G'q is reductive and G'^^ is unipotent. In addition, we assume that G is k-split, by 
which we mean — by definition — that the classical reductive group Gg is k-split. 

In this subsection we show that G is (isomorphic to) a "Cartan supergroup" Gy associated 
with g and with some g-module V as in section |4l 

For our arguments to apply, we need yet another technical requirement, namely we assume that 
G is linearizable, i.e. it is embeddable into some GL„[m as a closed supersubgroup (this is true 
when G = Gy , hence it is a necessary condition). Note that this is automatically true when the 
ground ring k is a field, or k is a PID — e.g., k = Z — and 0{G) is free as a k-module. 



4.39. Linearizing G . By classification theory of split reductive groups, Gq can be realized via the 
classical Chevalley construction: namely, there is a faithful, rational, finite dimensional go -module 
V , with an admissible lattice M , such that Gq is isomorphic to the affine group-scheme associated 
with go and with V by the classical Chevalley's construction. Similarly, by classification theory of 
unipotent algebraic groups, G^-^ is isomorphic to the group Got in Definition HUl Overall, we get 
Gev — G'q k Got . Actually, one has even more: Ge,, = Gq k Got can be realized at one strike 
by means of a (slight extension of the) classical Chevalley's construction, based upon a faithful, 
rational, finite dimensional go -module V with an admissible lattice M . Then the dual go -module 
V* is also faithful, rational, finite dimensional with M* as an admissible lattice. 

By assumption G is linearizable, so it identifies with a closed supersubgroup of some GL„|to . 
Then Ge^ identifies with a closed subgroup of (GL„|m)^^ , the classical subgroup of GL„|m . 

^ (GL ) ^ 

Pick the (GL„|^)^^-module U := /nd^^^ _ thought of as a functor from (salg)]]^ 

to (k-mod) — induced (by the classical theory of representations of algebraic groups) from the 

Ge„-module V*. Let U* be the (GL„|„)^^-module dual to [/ ; as Indf^^^ '"{V*) maps onto V* , 

we have that V = V** embeds into U* , i.e. U* contains a Ge„-submodule isomorphic to V . 
Now, as Lie((GL„|„)^J = (g[„|„Og , the (GL„|„)^^-module U* is also a (gl„|^)g-module. As 

(g[„l^)jj is a Lie (super) subalgebra of g[„|„j , we can perform on U* the induction from (g[„|,„)Q 
to gl„|m '■ this yields a g[„|„-module W :— /n(i,^!"''"s (C/*) , described by 
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Now W is a GL„|„-module too: indeed, one simply has to restrict the action of Cgi^^^^^ to GL„|m 
(thought of as a subfunctor oi Cgi^^^). Yet we need to describe the GL„|„-action on W exphcitly. 

It is known that GL„|,„ "spUts" into a direct product — as a superscheme — of the subgroup 
{GLn\m)^y and the totally odd supersubscheme (GL„|„)^^^ := / + (flt„|m)j i where / := is 
the identity (block) matrix of size (n+m) x (rt+m) : the splitting is given by the matrix product, 

namely GL„|„(yl) ^ (GL„|„j)^^(^) x (GL„|„)^^^(A) via the unique factorization ^ ° j ^ ^ = 

'^\~fj ■ ( d-'^-f I °/ ^ ) ^^^^^ matrix ^ ° j ^ ^ G GL„|,„(A) , with A e (salg),, . 

Every get, e (GL„|m)^^(A) acts on any decomposable tensor 2/<Xiu G J7(0[„|„i) (Eij^^^i y^U* = 

W via gev{y (^u)— Ad{gev){y) gev-u , where on left-hand side we take the natural GL„|„- 
action on ?/(0l„|m) induced from the adjoint action on Ql^im ■ Moreover, every godd ^ I + g' G 
(GL„|„i)^^^(A) acts on any y ® m as above by godd-{y «) u) = (/ + g').{y <S)u) ^ {y + g'y) <S) u . 

As G is (embedded as) a closed supersubgroup of GL„|m , the GL„|m-module W is also a 
G-module. Moreover, by Remark 13.131 both for G and for GL„|^ — which is a "Chevalley super- 
group" in the sense of [5] — the Kostant superalgebra (with scalars extended to k) identifies with 
the superalgebra of distributions: then Remark [3.131 tells also that U^{q) embeds into U^{Q\-m\n) ■ 
Then we can consider inside the G-module W the subspace V := U^{q) . Y : also, it is clear 
(thanks to the explicit description of the G-action) that this is a G-submodule of W . 

Tracking through the whole construction, as V is rational and faithful as a Ge„-module we see 
that V in turn is rational and faithful as a G-module. Thus G embeds as a closed supersubgroup 
inside GL(F) , and Ge-u as a closed subgroup of G . Also, as M is an admissible lattice in the 
flo-module V, we see that M :— Kk{Q) 0^ / . M is admissible in the g-module V (hereafter, we 
write Kk{i) := k (E)z Kz{i) , and "admissible lattice" has the obvious meaning when passing from 
Z-modules to k-modules). Finally, as V is finite dimensional, and -ft'k(fl) is (free) of finite rank as 
a i4rij(go)-niodule (see Corollarv l3.12p we argue that V is finite dimensional too. 

By construction — including the fact that V — U{q) ($u(m)^ = Adi^^ as a gg^module is 
just V®'^ for r := raKfcy(gg)(C/(g)) — 2*'"(3i) — the go~action on V is just a diagonalization (r 
times) of the go^action on V : as a consequence, the embedded copy of (Gv)^^ inside GL{V) is 
a (r times) diagonalized copy of the group obtained in GL{V) from the gg^action on V via the 
Chevalley construction. By assumption this group is Gev , thus (Gy)^^ = Get, inside GL(F) . 

4.40. Splitting G . Recall that GL{V) splits as GL{V) = GL(l/)oxGL(F)i , with GL{V)-^{A) := 
I+qI{V)i{Ai) (cf. 14.39)) . Then denote by ttq and ttj the projection maps of GL(F) onto GL(y)Q 
and GL{V)i . Note that GL{V)^ ^ tto{GL{V)) coincides with (GL(y))^^ := GL{V)\^^^^^ . 

Look at G embedded inside GL(V^) : then ttq^G) is the restriction GL , ^ , hence 7r(3(G) = Ge„ 

^^^^ ' l^^SJk 

(by Definition I4.36p . so 7ro(G) < G . Given g € G{A) , for A e (salg)^ , it factors as g = go ■ gi 
with go := TToig) € GL{V)o , gi := Mg) e GL(y)j . Then gg G Gev{A) < G{A) and Mg)^: 
91 = 9o~^9 G G{A) , so TTi{g) G G{A) too; it follows that 7rj(G) C G (as a supersubscheme) too. 
The outcome is that the factorization Gh{V) = GL(F)o x GL(F)j = 7rg(GL(y)) x 7ri(GL(V^)) 
of GL(F) induces the factorization G = 7rg(G) x 7rj(G) ~ Gev x 7ri(G) of G as well. 



4.41. Construction of a supergroup Gy and comparison with G. The G-module V 
constructed in i j4.39l is obviously also a representation of the Lie superalgebra Lie(G) = g . More 
precisely, V = U{q)®u(^^^)V implies V = Ind^^{V) . In addition, we saw that: (a) F has finite 
dimension, (h) F is rational, (c) ^ contains M := K^Iq) ® j^^f^^--^ M as an admissible lattice. 

Therefore, using V and M we can construct the affine algebraic supergroup Gv , as in section 
131 which is embeddded inside GL(V^) as a closed (cf. Proposition 14. 26p connected supersubgroup. 

By the analysis above, we can embed both G and Gv as closed supersubgroups of GL(F) : 
thus we identify G and Gv with their images in GL(V) , and their tangent Lie superalgebras with 
the corresponding images in Q\(y) . We can now prove the main result of this subsection: 
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Theorem 4.42. Let G and Gy be as above. Then G = Gy ■ 

Proof. By the analysis in PliOl the splitting GL{V) = GL{V)^ x GL{V)i , with GL{V)i{A) := 
1+ gl{V)i{Ai) , and the embedding of G in GL{V) provide a splitting G — G^v x Godd , with 
Gev = 7ro(G) and Godd ■= ''■i(G) . Similarly, the same fact with Gy replacing G yields Gy = 
(Gy)^„x(Gy)^^^ , with (Gy)^^=7ro(Gy) = Go and (Gy)^^^ := tti (Gy) - see Remark [1371 
All these splittings are superscheme isomorphisms given by the group product map. So as G = 
Gev ■ Godd and Gy = (Gy)^^-(Gy)^^^ , it is enough to prove Gev = (Gy)^^ and Godd = (Gy)^^^ . 

First, the identity Gev — (Gy)^^ follows from ^14.391 Indeed, therein we last pointed out that 
(the copy of) Gei, inside GL{V) can be realized through the classical Chevalley's construction via 
the 0g-module V and the lattice M ; but this is exactly the same outcome as first performing the 
construction of the supergroup Gy and then taking its classical subgroup (Gy)^^ , so we are done. 

Second, definitions yield Godd = I+T^ (Godd) as a supersubscheme of GL{V)i , where Tj (Godd) 
is the tangent superspace to Godd at / ; similarly (Gy)^^^ ^ I + T^ ((Gy)^^^) . But by construction 
we have also (Godd) = 01 = r^((Gy)^^^) , hence Godd = (Gy)^^^ . □ 



5 The standard case 

In this section we look somewhat in detail the example of the supergroup GA(n) associated with 
g := W{n) and with the "standard" g-module V := A(n) — i.e., the defining representation of 
g := W{n) . Our analysis then can be easily adapted to the case g := S{n) and V :— A{n) again. 
More in general, as each Cartan type Lie superalgebra is naturally embedded in W{n) , from the 
present analysis one can also deduce (with some extra work) a similar analysis for the other cases. 

5.1 The afRne algebraic supergroup Ga(„) 

From now on, we retain the notation of subsection 12.31 and we let g := W{n) = DerK(A(n)) 
and V A(7i) . Fix the K-bases Ba(„) := { ^- | e e {0, 1}" } in A(n) and Bw{n) := { 9^ | a e 
{0,1}", i = l,...,n} in W{n) — see subsections 12.31 12.101 and 13.31 Recall that By^(^n) is a 
Chevalley basis of g := W{n) : the root vectors Ag (5 e A) are the di with a ^ , while 
the "toral type" elements Hi are just the remaining elements di of -BvK(n) {i — 1, . ■ . ,n). 

By definition, g acts on V := A(n) by (super)derivations. Explicitly, the action of any basis 
element in B^^f^j^^ onto any basis element in i3A(„) reads 

i^d^if) = ±'5l,e(.) (5.1) 

This simple formula has deep consequences. The first is that the W{n)-module A(n) is rational, 
as the Hi act diagonally with integral eigenvalues. A second consequence is that 

(^^a,)'-0 Va^e,. , {^^^,Y=C^^^ Vi = l,...,n (5.2) 

(note that = ). The left-hand part of (5.2) implies that all divided powers A-™-* of even 
root vectors (3 e A) with m > 1 act as zero on A(n) . From this and from (5.1) it follows at 
once that the Z-span of -Ba(„) , call it M , is an admissible lattice of A . 

As another consequence, we can describe the one-parameter supersubgroups and hi asso- 
ciated with root vectors Ag = £,— di {a^e^^ and "toral" elements Hi — S^idi. For Xa one has 
Xa{n) exp (u As) = X]m=o (u Aa)"/??!! = 1 + u A5 = 1 + u ^- 9; , for any A e (salg),^ 
and u e ^p(3) , where p(a) is the parity of 7r(5) . Matching this with (5.1), the action of a;2;(u) 
on basis elements of h.{n){A) :— Aq (gj^Mg -|- Ai (8)zMj reads (for t G ^p(e)) 

tf >^ :r5(u)(tf) = tf +ue^a,(tf) = tf ±<5i,e(.)Utf+^-S^ 
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Similarly, for hi we find t^^ > > hi{u){t^-) = u^^-^'-^> t^^ for all t e Ap(e) . 

In particular, this yields the following "point-set description" of GA(n) ■ 

Proposition 5.1. Let GA{n) be the supergroup associated with g := W{n) and the W{n)-module 
A{n) as in Section^ and let us fix total orders in Agt and in Aj such that ^ or 
A^ ^ . Then for any A e (salg),^ the group GA(ri) (A) is given by 

Ga(„)(v4) = GL„(Ao) X (XseA,,(l + ^o^3)) X (X^eAi(l + ^i^7)) 

(the products indexed by Agt or by Aj being ordered according to the fixed orders), as well as by 
all set-theoretic factorizations that one gets by permuting the three factors above with one another. 

Proof. As we noticed in i)4.27i Ga(„) factors into GA(ri) — Gq x Ggt x G^~ , and in addition 
G^~ = 'X^~^^_Xj{A) , Ggt = y^-^^^^xsiA) and Gq = ChA(„) . The latter is the standard 
(afhne, algebraic) group functor associated by the classical Chevalley construction with go — fltn 
and with the g[„-module A(n) : but the very construction clearly gives Gq = ChA(„) = GL„ . 
Finally, taking into account the additional remark that Xa{A) = (1 + Aq Xs,) for 5 G Agt and 
x:y{A) — (1 + Aj X^) for 7 € Aj — by the above analysis — we end up with the claim. □ 

Remark 5.2. The factorization of GA(n)(A) in the above Proposition is a special instance of the 
general result in ^ 34.271 But the present case is much easier to handle, as commutation^ relations 
among one-parameter supersubgroups (as in Lemma l4.8p look simpler: e.g., for a, jS € Agt IJ Aj 
one has [xs{p) , a;^(q)) = (l -t-pAg , 1 + qA^) = 1 + pq [X^ , A^] where (cf. Examples 13. 3l^ a)) 
the bracket [X^ , A^] is either zero, or a root vector, or a sum (with signs) of two such vectors. 

5.2 GA(ra) as a supergroup of automorphisms 

In the present subsection we prove that the supergroup functor GA(n) actually is a group 
functor of automorphisms, namely the group functor of superalgebra automorphisms canonically 
associated with the k-superalgebra A(n) . We begin with a (general) definition. 

Definition 5.3. Let 21 G (salg),^ be any k-superalgebra which, as a k-module, is free of finite 
rank. We define the supergroup functor Aut(2l) : (salg)^ — >■ (groups) as the full subfunctor of 
the group functor GL(2l,) — cf.[2?6]('6J — whose value on objects is Aut(2l)(A) :— Aut(^sa.ig)J^^A} 
— the group of all A-linear superalgebra automorphisms of 21^ :— A(E)k^ — for all A G (salg)^ . 

5.4. The group functor Aut(A(n)) . Given the k-superalgebra 21 — A{n) , we are interested 
into Aut(A(n)) : our ultimate goal is to show that GA(n) = Aut(A(n)) . Note that 

Aut(A(n))(A) = Aut(,aig)^(A(n)^) = Aut(,aig)^(A[ei, . . . , ^„]) V Ag (salg)^ (5.3) 

because A(n)^ := A (gj^ A{n) = A 0k k[^i, . . . , C«] = A[^i, . . . , . Now, given A G (salg)^ , any 
(j) G Aut(saig)^(A[^i, . . . , ^„]) is uniquely determined by the images of the : these are of the form 

= '^J + Er=l C» J- + E li^l>i «e,iC- +E I^I>1 CejC" Vj = l,...,n (5.4) 

|c| IS cvon |c| 13 odd 

with the only constraints that each 4>{^j) be again odd, which means Kj, k^j G Aj , Qj, Cej G Ag , 
and that <j) itself be invertible. By the nilpotency of the <^t , it is clear that (p is invertible if and 
only if the square matrix of the Qj's is invertible, i.e. :— G GL„(Ag) . Note also 

that (5.4) means that cj) G Aut(saig)^(A(n)^) — Aut(saig)^(A[^i, . . . ,fn]) can be written as 

n n n n n 

(j) = + J2J2ci,j^idj + ii^i>i i^e.j^-dj + EE i^i>i Ce,j^-dj (5.5) 

j = l i=lj=l 3 = 1 l-l " 3 = 1 l-l 

Thus every (f) G Aut(saig)^(-^(^)A) uniquely associated with a string of coefficients: the Kj , the 
Ke,^ , the Cij and the Cgj as above. Therefore, the overall conclusion is the following: 
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Proposition 5.5. The group functor Aut(A(n)) is represent able — hence it is an (ajfine) su- 
pergroup scheme — and isomorphic, as a superscheme, to A*^'" x GL„ x A''^^''"'!'^ x A'^I'^i^' . 

We are now ready for the main result of this subsection: 

Theorem 5.6. GA(n) = Aut(A(n)) , that is Ga(,i) coincides with the group functor Aut(A(n)) . 

Proof. By construction, we must prove that Gj^^n){A) — Aut(A(n))(A) := Aut(saig)^(A(n)^) 
with A(n)^ := A(g)kA{n) = A[^i, . . . , Cn] , (salg)^ . We begin by GA(n)(^) C Aut(,aig)^(A(n)^) . 

By Remarks IHTli^rfJ, Ga(„)(A) is a subgroup of GL{Va) ■ we must only prove that its elements 
are superalgebra automorphisms. As Ga(„) is the sheafification of Ga(„) , and Aut is a sheaf, it 
is enough to prove that Ga(„)(A) C Aut(saig)^(A(n)^) . Now, the group G'A(n)(^) is generated 
by such elements as X5{t) := exp(tXa) , := exp(i?X^) , hi{u) := u^^ ; both and 

X-j^ are superderivations of K{n) , hence they also define (uniquely) A-linear superderivations of 
A(n)^ :— A®kK{n) . But then both tX^ and "& X-j^ are A-linear derivations of A(n)^ into itself: 
taking their exponentials we get (A-linear) automorphisms of A(ri)^ , so that x^it), x-^id) € 
Aut(saig)^(A(n)^) . A similar argument proves hi{u) S Aut(saig)^(A(?T.)^) , hence we are done. 

Now we prove that the above inclusion is an identity. We begin with an aside observation: by 
the explicit description of automorphisms in (5.5), one sees that for each A e (salg)^ the subsets 

Aut(A(n))^„(A) :-{</>€ Aut(A(n))(A) | k^j = = Ve, ] } 
Aut(A(n))p^(A) := { e Aut(A(n)) (A) | k^- = = Vi, j } 

are subgroups of Aut(A(n))(A) , which altogether generate Aut(A(n))(A) . This defines two 
supersubgroups Aut(A(n))^j^ and Aut(A(n))jj^ which jointly generate Aut(A(n)) . 

The first supersubgroup Aut(A(ri)) is isomorphic to the algebraic group AflF„ = G^" x GL„ 

of all affine-linear transformations of the (totally odd) affine superspace A°l" . It contains the 
subgroup G"<q(A) generated by aU the elements [l + 'ddj) = a;_e^(i?) , (1 dj) = x^._^.{t) and 
hi{u) of Ga(„)(A) — for ?9 e Aj , i G Aq , u e U{Aq) , i, j = 1, . . . , n . Ah these G<o(A) define a 
supergroup functor, whose sheafification G<q clearly coincides with Aut(A(n))^jj . 

The second supersubgroup Aut(A(n))g^ contains the subgroup G'^flA) generated by the ele- 
ments (l+t^-dj) = Xa^ j{t) — for tg AoUAj, i, j = 1, n , where ae.j is the unique element 
of A associated with e and j . We shall now show that Gq^(A) coincides with Aut(^A{n)) : by 
the previous analysis, this will be enough to prove that Aut(A(n)) = Gy ■ Consider the subsets 

Aut(A(n))^j(A) := { e Aut(A(n))(A) | k^- = = , Ke.j = = c^j Vi, V|e| < t} 

for all t — 2, . . . ,n; then easy computations, basing upon (5.5) and upon the formula 

(i+t'^^d,) {i+t"§_^dk) = 1 + t'^dj + f'e-c'fe ± %)4t't"e-+-"-^ dk 

show that these subsets form a strictly decreasing sequence of normal subgroups Aut(A(7i))g^ , 
which ends with the trivial subgroup. It is immediate to see that Aut(A(n))p^y Aut(A(n))^2(^) 
is generated by the cosets (1 +t£^-dj) mod Aut(^A{n)^ _^^{A) with |e| = 2 . Similarly, one sees 
easily for all t (by iteration) that Aut(A(7i))g.^y/Aut(A(rt))^^(A) is generated by the cosets 
(l + t^-dj) mod Aut(A(n))^^(A) with 2< |e|<t. For t = n this yields the expected resuh. □ 



5.3 Special supersubgroups of G^n) 

We finish this section with an explicit description of the special supersubgroups of Ga(„) that 
we considered along the way — cf . §4.31 and §4.71 — namely (for all t > —1) 



Go , G_i_o , Gg , GgT , G(T , (Gir)^ , G^j^^ , G. 



max 
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Such a description follows from Propositions l4.10ll4.11[|?.121l4.14l and l4.34l using the identification 
GA(n) = Aut(A(n)) in Theorem 15.61 and by (5.5), all those results yield easily the following: 

Proposition 5.7. For every A e (salg),^ , we have: 

(a) G-i{A) = {?!)€ Aut(A(n))(A) | = Ke,j = Cej = V e , i, j } ^ G.^^^^/A) , so that 
G I = G^^"^^ , where Qa.odd is defined on objects by At-^ Gra^oddi^) '■— additive group); 

(b) Go(A) = {0 e Aut(A(n))(A) I = Ke,j = Cej = V e, j} = GL„(A) , so that 
Go = GL„ , where GL„ is t/ie classical general linear affine group extended to superalgebras via 
(salg)^ 3 A^ GL„(A) GL„(Ao) ; 

fc; G_i^o(^) = { e Aut(A(n))(A) I = = V 6 , j } =: Aut(A(n))^^(yl) , so that 
G_i,o = G_i XI Go = 'Gaodd ^ GL„ =: Affo|„ , the latter being the (classical) algebraic group of 
all affine-linear transformations of the totally odd affine superspace A"'" ; 

(d) Got {A) = {(/) e Aut(A(n)) {A) | kj = Cij = Ke,j = V e , i, j } , so that Ggt = A^"^' ° 
as affine superschemes, where Nqi- :— |Aot| — X]z>o ^o| / 

(e) Gq{A) = { e Aut(A(n))(A) | kj = Kej =0 V e, j } , so that Gg = Go k Ggt = 
GL„ X A|^"^' ^ as affine superschemes; 

(f) Gtt(A) = { e Aut(A(n))(A) I = Cij = Kej = = V i , V 6 : |e| < i + 1 } for 
all t > ^1 , therefore Gft = A^ as affine superschemes, where N^^ '■~'^z>t / 
particular, Got(^) = { G Aut(A(n))(v4) | = c^^ =0 V j } , /lence Gqt = A^"^' ; 

(g) G_it(A) = {0e Aut(A(n)) (A) I K,=OVj}, so G_it = Go x Got =GL„kA^°^' °^ 
as affine superschemes; 

(h) (GtT)g(A) = { e Aut(A(n))(A) I Kj- = = Ce'j = V i, j,e , Ve' : |e'| < t + 1 } 
/or a/Z /;>— 1, therefore (Gft)^ — A^'^' as (totally even) affine superschemes; in particular. 



ot 

k 



(Got)q(^) — {4> e Aut(A(n))(yl) I Kj — Ci^j — n^.j — V i, j, e } , hence Ggt = A 

(i) (G_it)o(A) Aut(A(n))(A) | Kj = k^j = Vi, j,e} , thus G_it = Go k Got = 

GL„ X Ajj°^' as (totally even) affine superschemes; 

(j) let Aq — Aq Y[ splitting of the root system Aq — Aq of Qq ~ 0(„ given by 

Aq '■= {si — Sj \1 < i < j < and Aq := { — £j | 1 < j < i < n } , and define G~in and 
^max accordingly as in Definition \4-. 33\ Then we have 

Gmi„(^) = Aut(A(n))(A) I c,,j = ^ = V i,j,e: i<j} ^ G_i x B" 

Gmax(^) - { e Aut(A(n))(A) I K, = V : i > J } ^ B+ x Got 

where is </ie Borel subgroup of Gq = GL„ o/ aZ/ invertible upper/lower triangular matrices. 
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